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Let for a triple of Hilbert spaces E, F, G the following conditions be satisfied: the
space F is dense embedded in the space E; there exists an operator γ : F → G+ ⊂ G (a
trace operator) that acts boundary from F on the space G+ dense embedded in G.

Then there exist a unique operator L : F → F ∗ and a unique operator ∂ : F → (G+)∗

such that the following abstract Green’s Formula is valid:
〈η, Lu〉E = (η, u)F − 〈γη, ∂u〉G , ∀η, v ∈ F. (1)

If E = L2(Ω), Ω ⊂ Rm, ∂Ω is Lipschitzian, F = H1(Ω), G = L2(∂Ω), G+ =
H1/2(∂Ω), γu := u|∂Ω (∀u ∈ H1(Ω)), we have, as a special case of (1), the famous
Green’s Formula for the Laplace operator:

〈η,−∆u + u〉L2(Ω) =

∫
Ω

(∇η · ∇u + ηu) dΩ−
〈

γη,
∂u

∂n

〉
L2(∂Ω)

, ∀η, v ∈ H1(Ω). (2)

Let Ω ⊂ R3, Γ ⊂ ∂Ω : x3 = 0, mes Γ > 0, S := ∂Ω\Γ, mes S > 0. If E = ~J0,S(Ω) =

{~u ∈ ~L2(Ω) : div~u = 0 (in Ω), un := ~u·~n = 0 (on S)}, F = ~J1
0,S(Ω) = {~u ∈ ~H1(Ω) : div~u =

0 (in Ω), ~u = ~0 (on S)}, G = L2,Γ := L2(Γ)	{1Γ}, γ~u := (~u ·~n)|Γ, G+ = L2,Γ

⋂
H1/2(Γ),

then we have from (1) the Green’s Formula for the Stokes operator:

〈~η,∇p−∆~u + ~u〉~L2(Ω) =

∫
Ω

(
1

2

3∑
i,k=1

τik(~η)τik(~u) + ~η · ~u

)
dΩ− 〈γ~η, τ33(~u)− p〉L2(Γ) ,

τik(~u) :=
∂ui

∂xk

+
∂uk

∂xi

, ∀~η, ~u ∈ ~J1
0,S(Ω) : τi3(~u) = 0 (on Γ), i = 1, 2, ∀∇p ∈ (J1

0,S(Ω))∗.
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