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1. Introduction

Auxiliary abstract boundary-value problems generated by conjugation problems are considered.
Conjugation problems are problems in which interrelations between unknown functions defined in
adjoining domains are given only through the boundaries of these domains.

1.1. On the abstract operator approach to conjugation problems. The papers of Agranovich
and others (see [3-5]) and his lectures at the annual Crimean Autumnal Mathematical School (Laspy—
Batiliman) have become the initial boost for the authors.

Conjugation problems containing a spectral parameter on the boundary of conjugation u and a
fixed parameter A € C in the equations were studied in these papers. Moreover, the first domain is
fixed and the second domain is a complement to the whole space. In addition, conditions of emission
or decay of a solution at infinity are imposed.

Such problems arise in the diffraction theory (see [4]), where the second domain can be bounded;
then the Dirichlet condition or any homogeneous condition is imposed. Note that the case where
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the spectral parameter of the equations is A € C and the fixed parameter at the boundary of the
conjugation of the domains is € C was also discussed in [4].

The main method used in [4, 5], where p is a spectral parameter, is the reduction of the problem
to an integral operator equation for functions given at the boundary of the conjugation. Here the
parameter A was included in the kernels of the corresponding integral operators. This can make the
study of such operators difficult.

In [52] and other papers of this author (see [53-55]), another method is used. It allows one to study
a problem with fixed A and the spectral parameter p and an inverse variant simultaneously. Here the
method of bilinear forms connected to the problem and of corresponding operators and equipotential
technique based on introducing the operators of auxiliary boundary-value problems are used.

The method of operators of auxiliary problems was, seemingly, first used by S. G. Krein. In
particular, in monographs [28, 29, 31], it was used for the reduction of the initial-value problem
to a spectral problem for a operator sheaf (i.e., an operator-value function depending on a spectral
parameter) acting on some Hilbert space.

The present paper considers the abstract auxiliary boundary-value problems that generalize similar
conjugation problems. We assume that there are several adjoining domains and the condition of
conjugation is imposed on the parts of the general boundaries of these domains. Such problems are
quite frequent. Here the corresponding generalizations of diffraction problems, the Stefan spectral
problem with the Gibbs—Thompson condition, and the Krein problem about the normal oscillations
of a heavy viscous liquid in an open container are considered in detail. The same method can be used
for the problem of motion of dynamical systems where the energy dissipates at the surface.

1.2. On the history of the abstract Green formula. Let ) be an arbitrary domain in R™ with
a boundary I' := 0€). We know that the Green formula

/ (u—Au)dQ—/[V Vu+ u]dQ—/ P i (1.1)
n - " " Tom & '_k_l&ri '
Q Q r -

is valid for a twice continuously differentiable function v = u(z), = € €2, a continuously differentiable
function n = n(z), and a sufficiently smooth boundary I' = 9Q2. We can rewrite this formula in the
following form:

ou
(1, L) y0) = (0, w) () — <Wla 8) , (1.2)
T/ Ly (1)

Lu:=u—Au, ~yn:= 77‘1“' (1.3)

Here 7 is a trace operator, 3/dn is an outward normal to I' derivative, and Lo(Q), H'(£2), and Lo(T)
are the standard functional Hilbert spaces with the corresponding norms.

The Green formula (1.2) (the first Green formula for the Laplace operator) can be generalized in
several ways. First, we can take abstract Hilbert spaces F, F', and G that satisfy some connection
conditions instead of concrete Hilbert spaces La(€), H(f), and Lo(T). Second, in formula (1.2),
instead of the inner product in the first and last terms, we can take their continuous extensions that
are functionals (see below). Third, in (1.2) the boundary I' = 92 can be Lipschitzian.

The following facts are valid.

Theorem 1.1. Let the following conditions for the triplet of abstract Hilbert spaces {E, (-, )},
{F,(-,)r}, and {G, (-,-)g} with inner products and for an operator 7y, which is further called the
trace operator, hold (see [25, 30]):

1°. The space F is embedded continuously and compactly in the space E (the notation is F C E),
i.e., F' is compact in E and there exists a constant a > 0 such that

|lullg < allullr Vu € F. (1.4)
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2°. The trace operator v is bounded and acts from F onto the space Gy C, G and
lvullg < bllullrp Yu € F, b>0. (1.5)

Then there exist operators L : F — F* and 0 : F' — (G4)* uniquely defined by E, F, and G (with the
inner products) and ~ such that the following abstract Green formula holds:

(n, Lu)p = (n,u)r — (yn, 0u)g Yn,u € F. (1.6)

Here the values of the functionals Lu € F* and Ou € (G4)* on the elements n € F and yn € G4
respectively are denoted by the oblique diagonal braces.
If the conditions

E=159Q), F=HQ), G=LyI), I' =09, yn:=n|, (1.7)
hold, then the following fact (see, e.g., [25]) follows from the Gagliardo theorem (see [18]) and Sec. 2.2.

Theorem 1.2. The following Green formula holds for the domain 2 C R™ with the Lipschitz boundary
I' =09Q:

ou

(mlﬂOLxQ>=(nﬂoHuQ)—-<vn,a> vn,u € H' (), (1.8)
N/ LyT)

Lu:=u— Au € (H(Q)), g%reuﬂﬂ@»ﬂ:H*ﬂw) (1.9)

Hence, the Green formula (1.8) generalizes formulas (1.1) and (1.2) for the less smooth functions
and the Lipschitz boundary I" = 0.

Theorems 1.1 and 1.2 will be actively used below and will be generalized to the case of conjuga-
tion problems, where the unknown functions given at different domains satisfy some conditions of
conjugation for the parts of the boundaries of adjoining domains.

Let us say some words about the history of abstract Green formulas. In [31], it was assumed that
ker~ =: N is compact in F and the following formula was obtained:

(n,Lu)g = (n,u)p — (yn,0u)g Vn e F, YVue D(L) C F C E. (1.10)

S. Krein thought that he was the first who proved it (see [31, p. 119]). Along with formula (1.10), the
abstract scheme of the study of boundary-value problems was obtained (see [31, Sec. 1.3]).

The property N = E is well known for the triple of spaces (1.7) as Hi(Q) = kery = N is dense in
Ly (Q) =F.

The further strengthening of the Green abstract formula (1.10) can be found in [25, 30]. In partic-
ular, the condition

N=E (1.11)

was removed in [25]. It was ascertained later that the Green abstract formula had been proved by
Oben (see [46, Chap. 6] and the reference to the original paper of 1970). However, we see bilinear
F-coercive form instead of the inner product (see (1.10)) there and E contains the actual range of the
abstract differential expression L. Moreover, conditions (1.11), 1°, and 2° and Theorem 1.1 were used.

Finally, the abstract Green formula in the form of Oben but without the reference to [46] was used
in the monograph of Showalter (see [50]). Note that the abstract Green formula in slightly different
form (according to the second Green formula for the Laplace operator) is given in [40, p. 58].

1.3. On the results of the paper. Let us present the main results of this paper. In Sec. 2, we
obtain the sufficient conditions (see Lemmas 2.1 and 2.2) for the Green formula to have the following

form:
q

<77? LU>E = (UaU)F - ZWHL akU>G Vﬁau € F7 (112)

k=1
where 1, is an abstract trace operator to the part of the boundary of the domain and Jf is an abstract
analog of the outward normal derivative. It is proved (Theorem 2.2) that this formula is valid for
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a domain @ C R™ with a Lipschitz boundary 9 (see (2.51)). In Sec. 2.3, the multicomponent
conjugation problems in diffraction theory and their abstract analogs are formulated.

In Sec. 3, the auxiliary abstract boundary-value problems (problems of S. G. Krein) and the oper-
ators of such problems are studied. These problems can be easily formulated by using the abstract
Green formula for multicomponent conjugation problems (see (3.29), (3.31)—(3.33), and (3.35)) and
the representation theorem for any element of the space of solutions (Theorem 3.3).

In Sec. 4, the main equations arising in applications are derived. For the spectral Stefan problem,
we obtain the equation in the following form (see (4.12)):

= X\ (An + Bn), (1.13)

where A is a compact positive operator and B is a compact nonnegative operator, which are generated
by the first and second auxiliary abstract boundary-value problems. The following spectral problem
arises for the problems of the diffraction theory:

N+ AAn — puBn =0, (1.14)

where either A or u is a spectral parameter and the other is fixed. The following equation arises in
problems of the type of S. G. Krein:

n=AAn+\"1Bn. (1.15)

The general properties of operator coefficients A and B are the same. The problem of a bounded
self-adjoint operator (see Sec. 4.4) is reduced to the problem (see (4.62))

=X —-21Bt, 0<Ale6,, 0<Be6,. (1.16)

The spectral problem of motion of dynamical systems, where the energy dissipates at the surface,
leads to the following equation:

n—A3Bn+\NAn=0, B>0, (1.17)

where the coefficients are the same as in (1.13)—(1.15).
The general properties of every problem (1.13)-(1.16) are given in Sec. 4 as theorems and lemmas.
The authors dedicate this paper to the memory of the eminent mathematician and outstanding
human being L. R. Volevich.

2. The Abstract Green Formula for Conjugation Problems

In this section, the abstract Green formula is derived for the triple of Hilbert spaces, where it
is easy to study mixed boundary-value problems when different conditions are imposed on different
parts of boundary of the domain (e.g., Dirichlet, Neumann, and Newton or other homogeneous or
nonhomogeneous conditions).

The general discussion is illustrated by a classic example for the domain € in R™ with Lipschitz
boundary 0f2. The conjugation problem arising in the diffraction theory and its abstract analog are
formulated.

2.1. The general Green formula for mixed boundary-value problems. If the boundary I
of the domain 2 C R™ consists of two parts, namely, ' =Ty UT'y and 'y =T"\ T'1, then in the classic
case, i.e., for the smooth I' = 9Q and smooth functions 1 and u, we can rewrite formula (1.2) in the
following form:

2
(777u - AU)LQ(Q) Z ’W?, 8ku L2 Ty)
k=1

ou

VEN = U‘Fk, Opu = anlr, k=1,2.
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It is useful for studying of mixed boundary-value problems where, e.g., the Dirichlet boundary condi-
tion is imposed on one part I' = 99 of the boundary and another boundary condition (e.g., Neumann
or Newton conditions) is imposed on the other part.

Now we derive a similar Green formula in an abstract form based on formula (1.6) and the con-
structions from [46, p. 191-192] (see also [27]).

Let the conditions of Theorem 1.1 hold. Let p; be a continuous operator at G4 and ps := I — p1.
Then the operators px, k = 1,2, are continuous from G4 to (G4)i := prG4. Let us introduce the
operators _ _

Toi=pir = pid, and pp o= (G)i = (G), k=1,2, (2.1)
Lemma 2.1. The Green formula holds with the above assumptions:
2 o~
(n,Luyp = (n,u)r — > _(Fkn, Opu)a  Vn,u € F. (2.2)
k=1

Proof. The proof is quite simple. By construction,

v =(p1+p2)y ="+
and it follows that

ou)yg = (Y11, Ou)g + (Yan, Ou)q
2

n,
2 2 2
= (pryn, duye =Y _(piym, duye = Y _(pryn, ppduhe = (G, e (2.3)
k= k=1 k=1 k=1

(v, 0u)g = (1 + 72

—_

O

Remark 2.1. It follows from the proof of Lemma 2.1 that if there are several complementary projec-
tors, for example, their amount is equal to ¢, i.e.,
q

pk:pi G+—>(é+)k ::ka+a kzlv"'aQa Zpkzla (24)
k=1

then at the right-hand part of (2.2), the summation with respect to & is from k =1 to k = q.
Introduce the notation 1,¢:=1,...,q.
In problems of mathematical physics (see Sec. 2.2), the operators py, can have the following structure:
where
pe s Gi = (Gi)k (2.6)
is the operator of reducing the space (G1)r = prG+ (the operators of reducing to a part of the
boundary of the domain). Here

G= @Gk, k GG (2.7)

and wy, : (G4)r — (G4 is the operator of ‘reducing by zero” from (G.); to the subspace (G4 C
G4 (from a part of the boundary to the whole boundary), i.e

wi(G 1)k = wipkGy = prGy = (G4 ) (2.8)
Moreover, it is assumed in (2.5) that wy is the right inverse operator for py, i.e.,
prwr = I, (in (G4)), k=T1,q, (2.9)

and the operators py and wy, are continuous from G4 onto (G4 )k and from (G4 )i onto (é+)k, respec-
tively.
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Lemma 2.2. If the formulated above conditions hold, then the Green formula (2.2) (taking into ac-
count Remark 2.1) has the following form:

q
<777 Lu)E - 777 Z Y1, aku VU;U € F7 (210)
k=1

Ve = peyn,  Opu i= wiou, (2.11)
where 7y is an abstract trace operator to a part of the boundary of the domain and Oy is an abstract
operator of a outward normal derivative that acts on a part of the boundary of the domain.

Proof. Converting the expression under the summation sign in (2.2) according to conditions (2.5)—(2.9)
and taking into account (2.3), we have
(Ykn, Oku)a = (prym, Oua = (wrpryn, Ou)a

We see that the right-hand side is a bounded linear functional with respect of pxyn = vin € (G4 )k,
as wy, is continuous and

Hwrepeyn, Ow)a| < llwrll - ekl - 19l

Therefore, this functional in the “inner product G” has the following form:

(wkprym, Qu)a = (prym, wipdu),, =: (W, Oku)a,-
We use this notation for di because in the smooth classic case (for the boundary of the domain and

the function u), the outward normal derivative arises at a part of the boundary. ]

2.2. A classic example. Let us prove the statements of Lemmas 2.1 and 2.2 for the triple of
spaces (1.7), i.e., for the elements of H(),Q C R™, at the domain 2 with a Lipschitz boundary.

Let us recall that a bounded domain 2 C R™ has a Lipschitz boundary I' = 0 if there is a
neighborhood of every boundary point and an orthogonal coordinate system for this neighborhood
01 . . . ym such that the equation of the part of the boundary 02 in this neighborhood has the following
form: y,, = f(y1,-..,Ym—1), where f is a Lipschitz function

m—1 1/2
lf(y1s - ym—1) = f(21,- ., 2m—1)| £ C <Z|yk — Zk\2> .

k=1

Let us introduce a functional space H'(f2) with a standard norm in the domain Q:

oy = [ (9l +uf?) a9, [Tl = Z\axk
Q

and its subspace, which is the kernel of the operator ~:
H{(Q) :==kery = {u e H'(Q): yu=ulp =0}. (2.12)

As is known, the set
Hy(Q) :={ue H(Q): u—Au=0 (in Q)} (2.13)

is an orthogonal complement to Hg () at H'(£2). This set is called a subspace of harmonic functions.
Thus, we have an orthogonal decomposition

HY(Q) = H}(Q) ® HL(Q). (2.14)

The next statement (see [18]) is very important.
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Theorem 2.1 (E. Gagliardo). Let a bounded domain Q C R™ have a Lipschitz boundary T' = OS2.
Introduce the Hilbert space Hl/Q(F) with the following squared morm at this boundary:

2
(P
lola /Wdﬂ / i, / ar, EE e (215)

Then the operator v defined as
yu = u}r Vu € H(Q)

is bounded from H'(Q) in HY?(T'), i.e., the following estimate holds:
Ivullgaey < etllullme)  Yu e HY(Q). (2.16)

Conwversely, for every function ¢ € HY?(T'), there is a function u € HY(Q) (which is ambiguously
defined by @) such that

yu=, |ullme) < callellgzry- (2.17)
In this case, the space HY/?(I') is embedded compactly in Lo(T).

To derive the Green formula for mixed boundary-value problems, we select simple open parts with
Lipschitz boundaries 0Ty at the surface I' = 02 of the domain . It is sufficient for the applications
that 0Ty are piecewise smooth with nonzero interior and exterior angles. We have

q q
= (U Fk> U (U OI‘k) , mesy >0, mesdl'y, =0, k=1,q. (2.18)
k=1

k=1

Let us introduce the operator py of restriction from I' to I'y:
ey = |y, Vo€ HVA(T). (2.19)
This operator maps every function ¢ € H 1/ 2(T') to its part ¢y, which is given on I';, C T.
Lemma 2.3. The operator of restriction
pp: HY2T) = HYX(), k=14, (2.20)

1s bounded and has the following norm:

Hpk”H1/2(F)—>H1/2(Fk) <L (2.21)
Proof. Statements (2.20) and (2.21) follow from definition (2.15) of the space norm H'/2(I) since
||90H§{1/2(rk) < ||90”§{1/2(r)7 I'yCI' Vpe HI/Q(P)-

O
Let us introduce the subspaces
Hypyp, () :={ue H'(Q): u=00onT\T4}, k=T4q. (2.22)
Since
H&,F\Fk (Q) ) Hé (Q) Vk =1,q,
we have that H] Iy (Q) is dense at Ly(Q) for every k =1, 4.
It is natural for problems of mathematical physics for the elements u € H'(Q) to accept that
ou
e H'2Ty), k=14 2.23
o, () 7 (223)

The collection of such sets of derivatives at the parts I'y of the boundary I' = 9 is wider than the

collection of normal derivatives u € HY(Q) as in (2.23) these finite-ordered generalized functions

u
onlr’
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ou
defined at I'y, cannot present a generalized function e € H™'2(I') which is composed from them.
n

Therefore, the collection of trial functions given at I' can be narrower than H'/2(T'). Consequently,
the Green formula (2.10) is valid for some subset of the space H!(2) (see Theorem 1.2) in mixed
boundary-value problems with conditions (2.23).

Note that we take the space H~'/2(I'},) of elements with the norm

1l 12y = _inf 1] g2y (2.24)

‘Fk_w

in (2.23) as H-Y2(I'}) (see, e.g., [2, formula 5 and the end of Sec. 4]). The next statement (see [2, 49]
and [47, Theorem 2.1]) is valid for elements from H~Y2(T'y) with Lipschitz boundary oT'y: there is
a linear operator & of extension of functions from H~/2(I'y) from I'y onto the whole I' by functions
from H~'/?(I') and

NEGN 12y < ellllgg-1/20,y Voo € HTH2(Ty). (2:25)
Note that this operator £ was introduced by Rychkov (see [2, 49]), and it has a unique property: it
is bounded from the space H,(f2) to the space H;(R™) and from H;(I'y) to H;(I') and it does not

depend on the indices s and p, [s| <1, 1 < p < 0.
Using these facts, let us consider the sesquilinear form

[o, ¥lr = (@, EV) iy Voo € HY(T) W € HYA(Ty,). (2.26)

Here £ € H-Y2(I') = (HY2(I'))* (the conjugation is with respect to the form Lo(T)). The following
estimate is valid for this form by virtue of (2.25):

s Irl < llpllzrarzry - €N - 101 =172y - (2.27)

Now let ¢ = yn and n € H) Ty (). Then yn € HY?(T') and 4m = 0 at '\ I'y. Let us consider
a sequence {1;}32; of elements from Ly(I'y) converging to the element i) € H ~1/2(I') by the norm

H~1/2(T}) (such a sequence exists since Ly(T';) is dense at H—/2(I')). By virtue of (2.26) and the
fact that £ : Lo(I'y) — Lo(T") is a bounded operator, we have for a fixed ¢:

(0, EV) Loy = jglgo(%c‘f%m(r) = jalgo(%gwj)h(r) = (PkPs Vi) La(my) = (PP, ) Lo(ry)s (2:28)

lim
J—00
where p, : HY?(T) — HY?(T}) is an operator of restriction from Lemma 2.3, and on the right-
hand side, we have an extension of an inner product at Lo(I'g) to elements prp = pryn =: Y1,
RS H&F\Fk(Q) and ¢ € H=Y2(T'},) (with respect to Lo(T'y)).

Note that for a fixed @, the right-hand side in (2.28) does not depend on the type of extension of the

element ¢ € H~/2(I'}.) to the element {ﬁ\ € H~'/2(T"), since the values (px, ¥j) Ly(r,,) are determined

by the elements v;, given at I'y. Therefore, the limit expression depends only on v, instead of 12;
Using these facts, let us consider the following auxiliary mixed boundary-value problem:

ou

u—Au=0(nQ), wu=0(nI'\Iy), —| =1 (onTl}y). (2.29)
onlry
A function u € H&F\Fk(Q) for which the following equality is valid for every n € H&,F\Fk(ﬂ):
(M, w) ) = (W k) Lory)> Ve = PrYs Yk € La(Tk) (2.30)
is called a general solution of problem (2.29).
A function u € H] \I't () for which the equality
(W) = (s k) 1oy Uk € HY2(T) (2.31)
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is valid for every n € H; Ty () is called a weak solution of problem (2.29). The right-hand side here is
the value of the functional ¢y, € H~/2(I'y) on the element .1 = ppyn, 11 € H} \I' (©). (It is obvious

that the classic and general solutions of problem (2.29) are weak in the sense of definition (2.31).)

Lemma 2.4. For every iy € H V/?(Ty), there is a unique weak solution of problem (2.29) and
u € Hypp, () N HA(Q) = My(Q) € Hj\(9). (2.32)

Proof. The proof is based on the fact that for every n € H} \I'; (€2), the right-hand side in (2.31) is a

bounded linear functional H_ \I'; (©). In fact, taking into account relations (2.28), (2.26), and (2.27),
and Theorem 2.1 (see inequalities (2.16)), we have

[V Vk) Lo ()| = [0k, k) Lo(r) | = [0, ED) Ly | <
< lvnllgiacey - NEN - 1l sr-svoqryy < (ll€l- elli-svary ) Il co-

0

Therefore, there exists a unique element u =: Ty, € H) F\Fk(Q> such that Eq. (2.31) is valid. If we

set in (2.31) n € Hg(Q), then we have (1,u)p1(q) = 0 and, by virtue of (2.14), we see u € H} ().
Property (2.32) follows from here. O

Lemma 2.4 implies that the operator T} acts from H~'/2(T'}) to M (Q). If we set in (2.31) n €
M;.(£2), then we have the equality

(0, Tut) i () = (VM Vi) 1a(ry) V1 € Mi(Q), vp € HY2(I,), (2.33)
where
M =Wl = ) s @) (2:34)

It is obvious from the construction that elements of the type v{u for all u € My(£2) have the following
properties. First, they belong to the space H'/2(I'},) (see Theorem 2.1 and Lemma 2.3). Second, being
extended by zero from T, to the whole I, they belong to H/2 (I"). Moreover, it is obvious that there
is a one-to-one correspondence between the elements u from M (€2) and the collection of elements of
the type yPu. Indeed, if u € My (£2) and yQu = 0, then yu = 0 on 99 and hence u = 0. (On the other
hand, if v = 0, then 'y,gu =0.)

Let us denote by HY/2(T';) the collection of elements of the form

HY2(1}) = {u: ue My(Q)} c HY?(Ty). (2.35)
Lemma 2.5. The set HY/2(T'}) is dense in Ly(Ty).

Proof. Assume that there exists an element ¢ € Lo(T'g) that is orthogonal to all the elements from
HY2(I}), ie.,

(’7187% ©0)Lory) =0 VN € Mi(9).

Then, by virtue of (2.12), this property is valid for any n € H] F\Fk(Q). Therefore, from (2.31), taking
into consideration the equality

(YA, 00) Lo 0e) = (VAT 90) Lo (1)
we have
(0, Thpo) gy =0 ¥ € Hypp, (€2).
Consequently, Trpo = 0, and ¢g = 0. O
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Let us consider the operator
Cl =0Ty : HY?(Ty) — H/2(Ty). (2.36)

According to the construction, there is a one-to-one correspondence between D(Cy) = H~1/2(I},)
and its value area R(C)) = HY?(I'y). Taking into account this fact and the fact that there is an

isomorphism between M;(€2) and H'/2(T'},), we introduce the Hilbert-space structure on HY/2(T}).
Here

(0‘76)[7[1/2@‘,6) = (77’ U)HI(Q)v n,u € Mk(Q)a /7]277 = Q, 7]8“ =g (237)
Then from (2.33) it follows that as n € Tk@Zk, Jk € H_1/2(Fk), the following equality holds:
(Titom, Tetn) 1 () = (Chlrs Vi) Lo(ry)s Yhs Y € HY2(Tp). (2.38)

Taking into account definition (2.37), we can rewrite this relation in the following form:
(@ B) g1/2ry = (1w mi) = (@, C; By, Vo B € H'Y2(Ty),  (2.39)
n = Tetk, 70 = a, u= Ty, 1WTiox = Crtoy, = B, vr = C 1B, Uk, v € HV2(Ty).  (2.40)

Before we formulate the following statements, let us recall the notion of a Hilbert pair of spaces
and corresponding properties (see, e.g., [31, pp. 32-47] and [37, p. 251]).
We say that Hilbert spaces F' and E (with the inner products (-, )r and (-, -)g respectively) form
a Hilbert pair (F; E) if condition (1.4) is valid, i.e., F' is continuous and densely embedded in E and
there exists an a > 0 such that
lulle < allul|p Yu € F.

Using the pair (F; E'), we can form a noncontinuous self-adjoint operator A (an operator of a Hilbert
pair) such that F = D(AY?), D(A) C F. It can be determine by the following equality:

(u,v)p = (u, Av)g, w€F, veD(A) CF.

Using the operator A, we can form a Hilbert spaces scale E*, a € R, such that E* = E, EY? =
F, E~Y2 = f* (with respect to the form of E'), and the operator A is considered to act in this scale.
In this case,

AEY? = AF = V2 =F*, AYV?’F=E'=E, AY?E"=F~
Moreover, the triple of spaces
FcECF*

forms an equipment of the Hilbert space E. Then the operator A of the Hilbert pair (F'; E), given on
D(A) = F, can be determined from the following equality:

(u,v)p = (AY%u, AY?0) g = (u, Av)p Vu,v e F = EY?, (2.41)
where (u, Av) g is the value of the bounded linear functional Av € F™* on the element u € F'.

Lemma 2.6. The operator C;' = (\)Ty)™' with D(C},') = HY2(T}) and R(C Y = D(Cy) =
H=Y2(T}) is the operator of a Hilbert pair (HY?(T'y); La(T'y)).

Proof. Recall that H'/2(I') is dense in Ly(T') (Lemma 2.5) and, by construction, it is a complete
space with respect to the norm induced by the inner product (2.37). Since H'/2(T'y) ¢ HY/?(T';), by
virtue of Lemma 2.3 and relations (2.15), (2.16), and (2.37), we have

el Loy < lellmremy < 1@1a2@y < allullag@) = ellell gz, (2.42)
© =you, u € My(Q), p € f[l/Q(Fk),
where @ is the function ¢ € HY 2(T'1.) extended by zero on I'\ T';, and now defined on the whole T'.
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Hence, H/2(T';) and Ly (') form a Hilbert pair of spaces (H/2(I'}); Ly(T')). By definition (2.41),
for the operator A of this pair, the following equality should holds:

(a75)ﬁ1/2(rk) = <047Aﬂ>L2(Fk) Va, B € ﬁl/z(rk)-
Comparing this equality with~(2.39), we conclude that A = C! - HY2(T},) — H-Y2(T}) is the
operator of the Hilbert pair (H'/?(Tt); La(T:)). O
It follows from this lemma that the triple of spaces
H'?(I'},) € Ly(Ty) € HY2(Ty,) (2.43)

forms an equipment of the space La(T'y).
Note that the norm in H'/?(T';) introduced by formula (2.37) is “stronger” than the standard norm
in HY/2(T'},). Indeed, this fact follows from (2.42):

Il < etz Ve € BYT). (2.44)

Introduce the operator wy, of extension by zero on I'\I'y, on elements from H/? (T'x) acting according
to the following rule:

v on Ty, _
WPk = { 0, onT\Ty Vo € HY2(T)). (2.45)

Lemma 2.7. An operator of extension by zero from Ty to T', which is considered on D(wy) :=
HY2(T'},), is a continuous operator acting from HY/?(T'}) onto HY/?(T), so that

lwrerllmramy < cllerl gue ) (2.46)
where ¢y is the constant from inequality (2.16).

Proof. This statement has already been proved in the proof of Lemma 2.6. Indeed, by virtue of (2.45),
we have in (2.42) that ¢ = wypy. Formula (2.46) follows from this. O

Remark 2.2. As is known (see, e.g., [41, p. 78] and [57, pp. 116]), even for the smooth I' the operator
of extension by zero from some part of I'y to the whole T' is not continuous from H'/2(T';) to H'/?(T).
Nevertheless, this operator is bounded for a given problem on the solutions of auxiliary problem (2.29),
i.e., on the elements 1u, u € M(Q).

Let us introduce the following classes of functions:

H'(Q) := Hj(Q) © (F)fL My (Q)),  My(Q) = Hy(2) 0 Hypr, (), (2.47)

HY2(T) = {gp e HYX(D): prp € HY2(Ty), k=T, q} . (2.48)

Definition 2.1. A trace yu of the element u € H'(Q) is called regular with respect to a decomposition
I = 9Q into parts I'y, k = 1,q (see (2.18)), if for any k = T, ¢ the element vu = ppyu € HY?(I'}),
i.e., it can be extended by zero to the whole I' in the class H/2(I).

According the constructions and definition (2.47) and (2.48), we see that the elements from H' ()
have a regular trace, i.e., for any u € H'(Q) we have

w=1up+up+...uy ug € HYQ), up € Mp(Q), k=1,q, (2.49)

yug =0, g = vour = o € HY2(Ty), yuj =0 (k#j), j.k=14q.

In this case, the elements yu € HY 2(T") have restrictions at 'y and can be extended by zero to the
whole T in the class H'/?(T).
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Let us consider the following triple of spaces and the trace operator
E=1LyQ), F=H'(Q), G= Ly, yu:=u|., ue H(Q). (2.50)
The following properties are valid.
1°. H'(Q) is dense in Ly(Q) (H'(Q) D HL(Q)) and

F?

ull L) < CHUHHI(Q = C||U”H1 Q) Vu € ﬁl(Q)-
2°. The operator v : H(Q) — HY2(I") is bounded, HY/2(T') is dense in Ly(T"), and (according to
the Sobolev trace theorem)
elloy < @lulla@  Vu € HY(Q).

3°. By virtue of Lemmas 2.3 and 2.7, for every k = 1, ¢, the operator py = wyp}, is bounded in the
space G := HY/2(I), pi = pi, and pywy, is the identity operator in HY2(I'},) by construction.
According to Lemma 2.2 we can conclude the following.

Theorem 2.2. The following Green formula takes place for the triple of spaces L2(f2), HY(Q), Ly(T)
(where I' = 9Q) and the trace operator v : H'(Q) — Lao(T) (yn :=n|p, n € HY(Q)) in the domain
Q C R™ with a Lipschitz boundary T

q
(M, u—Au)p, ) = )= (e Ok oy nu € HY(Q), (2.51)
k=1

I = (U rk) U (U ark> , mes(TyNTy) =0 (k#34), Auc (HY(Q))*,
k=1 k=1

€ H_1/2(Fk‘)7 k= 17CI'

k

~ ou
e i=nlp, € ATy, Opu = Emi

Note that the Green formula in the form (2.51) for mixed boundary-value problems can be proved
with help of constructions from [31, pp. 46] and [30] and Eqs. (2.47)—(2.49) instead of the general
approach of Sec. 2.1.

2.3. Multicomponent conjugation problems. We start with the case of conjugation problems
for the Helmholz equation (see [5, 52, 56]).

Consider ¢ bounded domains €, j = I,¢, with Lipschitz boundaries I'; = 9€; in R™ (m > 2).
These domains are adjoint by some parts of their boundaries. Moreover, some parts of boundaries can
be free, i.e., they do not border neighboring domains.

Let us denote by I'j;, j =1, ¢ free (external) parts of boundaries I';. We denote by I'jj, the part of
the boundary I'; that adjoins a part of the boundary of the domain Qy, (k # j). We see that I'j;, = I'y;.
We have the matrix of boundaries

(ij)?,k=1 :
We consider its elements as an (m — 1)-dimensional manifold with a border.

Let us formulate the statement of a multicomponent conjugation problem for the given collection
of domains Q; and j =1,q¢.

It is required to find functions uj(x) € H'(Q;), j =
are valid in €2;:

q, such that the following Helmholtz equations

u; — Auj+ daju; =0 (in Q;), j=1,q, (2.52)
where A € C is a parameter and a; € £ (H'(Q;), (H"(£;))*) are bounded linear operators that are
positive definite, i.e.,

<u]7aJUJ>L2( Q) = CJHUJHL Q) G > 0, 7=1,q. (2.53)
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Boundary conditions of conjugation problems at adjoining and free boundaries can be classified as
follows. Let us divide I'j; into nonintersecting parts I';z;, | = 1,4, and set four types of conditions of
conjugation as k > j at the boundary I'j;.

1°. The conditions of the first conjugation problem with a parameter are the following:

a’LLj 6uk

Vik1Uj = Vij1Uks + 01k = Pkt (on Djgp), (2.54)

8n]~k1 Onkﬂ
where p € C is the parameter and the trace operators are denoted by i, | = 1,4, i.e.,
Vikiuj = uj\rjkl, j=1q k>j 1=14, (2.55)

and 0/0ny, is the symbol of an outward normal derivative. The bounded operators acting from
HY2(Tj31) to HY2(Tj3;) are denoted in (2.54) and further by aji and &1, | = 1,4. The
operators «y; are positive definite and the operators ¢;;; are nonnegative:

(Vs QGRG) Lo 2 Skl Cik > 0; (2.56)
(Vimrug, 5jkl'7jkluj>L2(ijl) > 0. (2.57)
2°. The conditions of the first conjugation problem without parameters:
8Uj 8uk
Vik2Uj = Vkj2Uks + 0jk2Vjk2u; = 0 (on I'jka). 2.58
J J J anij 8nkj2 J J J ( J ) ( )
3°.
ou; Oouy,
L =- = —0jk3(Vjkatj — Vejauk) + Hks(Vik3ts — Ykjsuk)  (on Djgs). (2.59)
5njk3 8nkj3

4°. The conditions of the second conjugation problem without parameters:

3Uj 8uk
= — = —0; ; = Vi Tipa). 2.60
8n_jk4 (9nkj4 gk4(%k4u; ’Yk]wk) (OH ]k4) ( )

Let us formulate three types of boundary conditions on free (external) boundaries.
1°. The Newton—Neumann condition with a parameter:

ou;
787%;1 +0jv55105 = pagjyiiug  (on Dyjn). (2.61)
2°. The Newton—Neumann condition without parameters:
ou;
7(9” ] + 5jj2'yjj2uj =0 (on Fjjg). (2.62)
352

3°. The Dirichlet condition:

Vijauj =0 (on Tjj3). (2.63)

Here the operators ojj;; and d;j;, | = 1,2, have the same general properties (see (2.56) and (2.57))
as above, i.e., as k > j.

Note that in multicomponent problem (2.52)—(2.63), one of the parameters, i.e., A or pu, is fixed
and the other is spectral (see [52]). Moreover, we can impose any other homogeneous conditions of
conjugation on adjoining parts of boundary and on free boundaries. In particular, if there are no
conditions in the problem under consideration, then we can accept that the measure of corresponding
parts of the boundary is zero.

Let us give the statement of an abstract multicomponent problem which bears on the abstract
Green formula (2.10) for mixed boundary-value problems.
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Consider the set of spaces Ej, F;, and G; and trace operators v;, j = 1, ¢, such that, for every set,
the conditions of Theorem 1.1 hold and hence for every jth set, there are q abstract Green formulas
of type (1.6):

(i, Lijvg) g, = (i, ui)r; — (vinj, Ojuj)a,  Ynj,uj € Fy, j=1,q. (2.64)
Let Lemma 2.2 hold for any set of jth spaces.
As in the above-mentioned example, we accept the following:
1°. The following direct decompositions take place:
q

(Gy)j = Z(‘H(G-&-)ﬂm j=1.4q, (2.65)
k=1
(G)jk = Z(—F)(GJr)jkl, l=1,4(k>j), =13 (k=j), (2.66)
1
where we denote by (G4)jm the image of the corresponding operator v, given on Fj (see
below).
2°. Every space from the decomposition (2.65) and (2.66) has an equipment, i.e.,
(G )jmt GG C(Gy )i Vi, ksl (2.67)
3°. Equipments (2.67) are equal after we move indices j and k, i.e.,
(G)jrt = (G, G = Grji, (G = (G (2.68)

Let pjri : (G4)j = (G4)jm be the restriction operators (from (G4 ); to the space (G4 )jki.) Their
properties are the same as in Lemma 2.2. Let wji : (G1)jm — (G4);jm be the corresponding operators

of extension by zero (from (G4 )jx to (§+)jkl C (G4);.)
Then
Ykt = pikYi ¢+ Fy = (G)jki,  Ojk = wiyd; + Fj = (G4)j (2.69)
are the corresponding bounded abstract trace operators (to a part of the boundary) and normal
derivative operators defined at a part of the boundary.
Taking into account our notation, we formulate a statement on an abstract conjugation problem.
It is required to find a set of elements {u;}?_,, u; € F; such that the following equations are satisfied:

=1
Lju]' + )\CL]’UJ‘ =0, j= rq, (270)

where A € C is a parameter and a; € £ (F s Fj*> are linear, bounded, positive-definite operators:
<uja a’juj>Ej > Cj||uj||2E]-7 cj > 0, j= m (271)

The solutions of Egs. (2.70) must satisfy the following abstract boundary conditions.
We have for k > j (see (2.54)—(2.60)):

1°. The conditions of the first conjugation problem with a parameter:
Vik1Uj = Vij1Uk,  Ojr1Uy + Opjiun + Ojk1Vik1 U = HOGE1Yjk1- (2.72)

Here and below, aji and 6y, | = 1,4, are the operators from L ((G+)jkl,(G+);kl> with
properties that have the form of (2.56), (2.57), i.e.,

(Vikitg, QRIVRIUG ) Gy > Cjle’ijzuszGjM, ikt > 0, (2.73)

(Vikiws, Ok Vikits) G = 0. (2.74)
2°. The conditions of the first conjugation problem without parameters:

Vik2Uj = Vkj2Uk,  Ojratj + Opjour + djr2ikou; = 0. (2.75)
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3°. The conditions of the second conjugation problem with a parameter:
Ojksuj = —Ojsur = —0jk3(VjkaUj — VkjsUk) + Hvk3(Vik3Us — VjsU)- (2.76)
4°. The conditions of the second conjugation problem without parameters:
Ojkatj = —Okjauk = —0jra(jkatly — Thjalik)- (2.77)
We have three types of conditions as k = j (the analog of (2.61)—(2.63)).
1°. The Newton—-Neumann condition with a parameter:
djjruj +0jj17105 = Haj1Yji15- (2.78)
2°. The Newton—Neumann condition without parameters:
0jjouj + dj527552u; = 0. (2.79)
3°. The Dirichlet condition:
- (2.80)

As above (for k > j), the operators a;j; and &5, | = 1,2 are positive definite and nonnegative
(see (2.73) and (2.74)).

We will study problem (2.70)—(2.80) with help of abstract Green formulas for the set of jth spaces,
J=14q

Let us write the Green formulas (2.64) taking into account properties (2.65)—(2.68) and Lemma 2.2.
We have

(nj, Ljuj) g, = (nj, uj) F ZZ{ VikiNj» Ojkiti) G G T <7kjl77k76kjluk>ijl}
k>j l=1

3
Z I ]jluj>ijl vauj EFJ" (2'81)
=1

Summing the left-hand sides and right-hand sides over j from 1 to ¢, we obtain the Green formula

q q
Z nj. Ljuj) e Z Mjs Uj)F. ZZZ{ VikiNj> Ojkils) G
j=1 Jj=1

J=1k>j l=1

q 3
+ g, Ongrun) Gy} — D D (s Djjtt) Gy (2:82)
Jj=11=1

ni= (. ..,7), wi= (U, ... uq) € F = @F (2.83)

3. Auxiliary Abstract Boundary-Value Problems and Representations of Solutions

Abstract boundary-value problems generated by problem (2.70)-(2.80) and operators of these
boundary-value problems are studied with help of the Green formula (2.82). Two of such problems
sometimes called auxiliary problems of S. G. Krein, will be considered. They are used in self-adjoint
and non self-adjoint problems of mathematical physics, in particular, in hydrodynamics and theory of
elasticity (see, e.g., [31, Secs. 7-8].)
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3.1. Preliminary transformations. Let us consider a priori properties of problem (2.70)—(2.80).
We can divide boundary conditions (2.72)—(2.80) into two classes as is customary for the calculus of
variations. Let us refer so-called main boundary conditions to the first class. They are the first in
relations (2.72) and (2.75), and conditions (2.80). Refer natural boundary conditions to the second
class; here they are the rest in (2.72)—(2.80).

Let us consider in the space

q q
F=F, Z (nj,ui)r,, n,u € F, (3.1)

j=1
the collection V' of sets u = (uy,...,u,) that satlsfy the following boundary conditions:
Vi={u=(u,...,uq) € F: Yjritj = Yejitp, Vikatj = Vejour (k> j); vjju; =0, j=1,q}.

Since all of the operators ;i : Fj — (G4 );r are bounded, we have that V' is a subset of the set F.
The further constructions are based on the following assumption. As a rule, it is satisfied in problems
of mathematical physics. Let every subset IV; := kery; be dense in Ej, i.e.,

N -E, j-Ta (3.3
For example, if j = 1 and F = H'(Q2), E = Ly(f2), v is a trace operator at I' = 9Q, Q C R™, then
N :=kery= Hj(Q), HNQ) = Ly(Q). (3.4)

Lemma 3.1. The following orthogonal decomposition holds:

F=VaVvt (3.5)

VJ‘ = {u = (ul,...,uq) e F: Ljuj =0, ajjlu]‘ =0,1=1,2,
ik + Opjiue =0, k>4, 1=1,4, j=1,q}.
Proof. Let n := (m,...,ny) € V, and u € F be orthogonal to n with respect to the inner product in
the space F. Then, according to formulas (2.82) and (3.2) we have

q

q
>y, Liug)e, + ZZZ ViktNj» Okt + Ojur) Gy + > > (Vi Ojjuui)a,, = 0. (3.7)

Jj=1 j=1k>j =1 j=11=1

Setting here n = (11,0,...,0), n1 € N1, we see, taking into account property (3.3), that Lyu; = 0.
Similarly, we obtain that

LjUj = 0, ] = 1,q. (38)
Then the first sum in (3.7) is equal to zero.
If all vj;m; = 0 (k > j), then the second sum in (3.7) is equal to zero, and as the collection of
elements {v;;i1; }77]' e, Covers all the space (G4 );j;i, we obtain the following conditions:
ajlej = 0, ] = m, l= 1,2. (3.9)

It follows from (3.7) that the second sum in (3.7) is equal to zero.
Finally, using the fact that {v;un; }nje F, COvers all (G4)jxi, we obtain that

ajklu]‘ + 8kjluk =0, k>j j=1,q, =14 (3.10)
The statement of the lemma follows from here. O

It follows from Lemma 3.1 that the subset V1 from (3.5) consists of those sets of harmonic elements
(see (3.8)) that satisfy boundary conditions (3.9) and (3.10).

To illustrate decomposition (3.5) let us consider a simple example. Let us have at the plane R?
three domains €y, €9 and 23, having Lipschitz boundaries I'y, I'y and I's, respectively. Let them be
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adjoint by parts of these boundaries I';1o = I's1, I'13 = I'sy, '3 = I'3o and have free parts I'11, s
and I's3, respectively.
Let us introduce spaces H'(Q1), H!(Q2) and H'(Q3) having standard norms and spaces

3
Lo(Q1), L2(Q2) and Lo(Q3). Let us form the space F := @ H'(Q;) and introduce its subspace
=1

V of elements u = (u;ug; u3) of the following form (see (3.2)):

V= {u = (ul,uQ,u;;) cF: UlP = U9 (at F12), U9 = U3 (at F23),
U1 = usg (at Flg), up =0 (at Fll)u us =0 (at FQQ), ug =0 (at Fgg)}.

Then by virtue of Lemma 3.1 we have orthogonal decomposition (3.5) where

VJ‘ = {U = (’U,l,’U,Q7U3) cF: u] — AU] =0 (ln Q]), ] = 172737

6u1 T 8’&1 au2 n 6U3

=0 (on I'12), Ous Our

=0 (on Fgg), 8731 + 81113 =0 (OIl Flg)}.

Oniz  Ona Ongz  Ona
Here 7i;; is an external inward normal to €;, Q;, j=1,2,3.

Let us use the Green formula for the elements from V. It can be derived from (2.82) and boundary
conditions (3.2). We have

s}

q q 2
Z nj. Ljuj) e, = Z Njs Uj)F ZZZ VjkiNy> Ojriv; + 8kjluk>ijz
7j=1

j=1 J=1k>j l=1

q 4 q 2
Z Z{ VikiM> Qi) Gy + (Vi Me> Ot )y b — ZZ (Vijinjs 9jjiug)a,, - (3.11)

i=1k>j l= Jj=11=1
Let us extract the following subspace of V:
q q
N:=@N,cVcFcE:=E,. (3.12)
j=1 j=1
By virtue of (3.3) we have properties of density
N=V=E. (3.13)

Lemma 3.2. The following orthogonal decomposition takes place in the inner product of the space F'

V=NaoNt (3.14)

Nt .= {u:(ul,.‘.,uq)GV: Lju; =0, j:m} (3.15)

Proof. Tt follows directly from formulas (3.11) and (3.3) taking into account the fact that for elements
from N every v;pu; = 0. O
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Let w = (u1,...,uq) € V be a solution of problem (2.70)-(2.80). Then for every n € V we have the
following equation using the Green formula (3.11):

q q 2
= (i wg)ry + > Y 0> (Vkins Sk VkiU ) G

j= j=1k>j I=1

—_

4 q 2
FY YO vmamy — ek Sjwa (Vikity — Vegrur)) Gy + D (it Sttt
7j=11=1

j=1k>j =3
q
Z njyaju] E; +M{ZZ 7]k177]705]k17jk1u3> Gir1
7=1
+ ((

LS

J=1k>j

Vik3MNj — ’Yk:j377k), Oéjk3(7jk3uj - ’ijguk»ejkg]

q
+> (s ajjﬂjjlﬂj)ijl} =1 =A®y(n,u) + aP2(n,u). (3.16)
7j=1

3.2. The first auxiliary boundary-value problem. Let us introduce in the space V the inner
product defined by the left-hand side of (3.16) and the corresponding norm.
Lemma 3.3. The norms defined by the inner products (3.1) and (3.16) are equivalent.

Proof. Since all the operators d;i;, | = 1,4, are nonnegative, we see that |||y > ||n||r for every
n € V. Besides, as the operators 7ji; are bounded from Fj; to (G4)jk, and dj is bounded from
(G4)jw to (G+) w We have that the corresponding sums of quadratic functionals of the expression

(m,m)v (see (3. 16)) can be estimated by the value c||n||%, ¢ > 0. Therefore,

Inlle < llnllv < (1 + )2 [lnllr. (3.17)
O
Using these facts let us consider the first auxiliary boundary-value problem generated by prob-
lem (2.70)-(2.80). It can be formally obtained by replacing —Aaju; by f; in (2.70) as p = 0
n (2.72), (2.76), and (2.78).
The problem called the first S. G. Krein auxiliary problem arises:
Ljvj=fj, j=1L¢
VikiVj = YejiVk,  Ojkivj + Okjivi + Ojuvjmv; =0, 1=1,2;
Ojkivjy = —Okjivk = =0k (Vikvs — Yejivk), =34, k> j; (3.18)
(9]']'11)]' + 5jjl’yjjwj =0, [=1,2;
Yij3v; =0, j=1,¢q.

Definition 3.1. Let us say that an element v := (vy,...,vy) € V is a weak (variation) solution of
problem (3.18) if the following equation holds:
q
. f)e=> . fi)e, = o)y VeV (3.19)
j=1

Equation (3.19) can be derived from Egs. (3.18) and the Green formula (3.11) for the elements 7
and v.

Theorem 3.1. Assume that
f=Uf1, 0 f) €V (3.20)

Then the following assertions hold:
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1°. The operator form (3.18) and variation form (3.19) of the first S. G. Krein problem are equiv-
alent.
2°. Since

q
f:(flv"'afq)eE:@Ej7

j=1
problem (3.18) has a unique general solution
v=A"lfeDA)CV,

where A is a self-adjoint, positive definite operator, which is a generating operator for the pair
of spaces (V; E). Moreover, the following equation holds:

(n, Av)p = (n,v)v = (AY*n, AY?0)p Yy eV, v e D(A). (3.21)
3°. Under condition (3.20), problem (3.19) has a unique weak solution
v=A"'feV, (3.22)
for which the following equation holds:
(n, Av)p = (n,0)v = (AY?n, AYPv)p W e V. (3.23)
Vice versa, each element v € V is a weak solution of problem (3.18) as f = Av € V*.

Proof. The proof is standard and is based on the fact that the left-hand side in (3.19) under the
condition (3.20) is a bounded linear functional with respect to n € V. Moreover, the inner product
in V is given by formula (3.16). Therefore, we take into account the equivalence property of the
norms (3.17).

As was already mentioned, Eq. (3.19) follows from Eq. (3.18). Let us prove the inverse assertion.
From (3.19), the Green formula (3.11), and the definition (3.16) of the inner product in V', we have

q
> (g, Livy — fi)e, + Z > Z Vi Ojkivs + Okjivi + OjkiVjkiV5) G

7=1 J=1k>j l=1
q 4
+ Z Z Z YikiNjs Vjkav + Okt (VikiVi — VejiVk)) G
j=1k>j =3
q 4 q
+ Z Z<’7kjl77k,8kjlvk — Okt (VjKIV] — VhjIVR)) Gy T Z Z Yijings Ojjtvi + 8juvijivi) Gy = 0
j=1k>j 1=3 j=11=1

(3.24)

Now we use the same reasoning as in the proof of Lemma 3.1. We set n € N, and assume that the first
conditions of (3.18) holds, i.e., Ljv; = f;. Assuming that only ~;;n; has arbitrary values from (G );ji,
and the other components of the element € V' are zero, we conclude that 0;;v; + d;57v;v; = 0,
[ =1,2, and these relations are valid in (G4.)j;;.

Reasoning similarly with respect to the second, third, and fourth sums of (3.24) we see that the
other natural (from the variation point of view) boundary conditions from (3.18) hold. Moreover, all
the summands from these relations are elements of the corresponding spaces (G+);kl.

The other statements of the theorem can be proved with help of a standard scheme (see, e.g., [31,
pp. 32-42].) O
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3.3. On the abstract Green formula for multicomponent conjugation problems. Let us
transform the Green formula (3.11) by extracting the inner product (n,u)y from (3.16) in explicit
form. This gives the equation

q
>, Liug)e, = (n,u)y — { Z > Z VikiNjs Oty + Otk + Sjk1Vik1Us) G iy
7j=1

J=1k>j =1

q 4
+ Z Z Z('ijmj, Ojrawg + Okt (Vikrug — 'ijluk»G]-kl

j=1k>j 1=3
q 4 q
+ Z Z Z(ijmk, Ojiur, — Sk (VjkiUj — Vijitk)) G + Z Z Vs Ojiug + 5]gmgzuy>0m}
J=1k>j l=3 j=11=1
(3.25)
for every n,u € V.
Let us introduce the following notation for the elements n and u from V:
Lu:= (Llul, - ,Lquq) S V*, (326)

o= (v, 1=1,2, k>j, j=1¢ vy, =34, k>j, j=1¢;
Vil l:3747 k>]a ]: 1’q’ YigtMgs l= 1’2’ ]: 1,(])

J=1k>j l=1
q 4 qg 2
B[ 2D D (GGl | () [ DD NG
J=1k>j =3 Jj=11=1
q 2 q 4 q
CG:= (D) > aGu| o> > > &G @ijl)) o | Y D @G| (327)
j=1k>j =1 j=1k>j =3 Jj=11=1

ou == (Ojiu; + Ojiuk + Ojmvjmuy, 1 =1,2, k>3, j=1,¢;
Ojriey + Okt (Vikuy — Yrjiun), 1 =3,4, k>j, j=1,¢;
Ojiur — O (Vjrmuy — vejiue), 1 =3,4, k>4, j=1,¢; ajjluj + 6075515, L =1,2, j=1,q)

(e sE] @ (Ley () (GG i)
J=1k>jl=1 J=1k>j l=3
q 2
j=11=1

Then formula (3.25) can be rewritten in brief form as follows:

(m, Luyp = (n,w)v — (yn, 0u)c  Vp,u €V, (3.29)

where (yn, Ou)q is the expression in the braces from (3.25). In this form, it is the same as the Green
formula for a set of spaces E, V and G and for the trace operator v (see (1.6)).
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Recall that here n and u are the sets of elements of the type of (3.2) satisfying the main boundary
conditions. Let us note that if all ;5 = 0, then

q
(n,u)y = (n,u)p = Z(njvuj)ij (3.30)
j=1
and the Green formula (3.25) turns into formula (3.11).
Taking into account notation (3.26)—(3.28), we can rewrite the first auxiliary problem (3.18) in the
following form:

Lv=f, o0v=0. (3.31)
Consequently, the operator A of the Hilbert pair (V; E) is defined on the following domain:
DA ={veV: LveE, duv=0}CV. (3.32)

After the extension of this operator to V = D(A/?), we have
DA) =V, RA)=V* AVV=E APE=V" (3.33)

3.4. The second auxiliary boundary-value problem. Let us consider a boundary-value prob-
lem for homogeneous equations and nonhomogeneous boundary conditions. Such a problem can be
formally obtained from (2.70)—(2.80) as A = 0 and after substituting all the natural boundary condi-
tions for the corresponding nonhomogeneous conditions.
The problem called the second auxiliary S. G. Krein problem arises:
ViKW = VejilWk,  Ojiwj + Okjiwk + O Yjmw; = Yk, 1 =1,2;
0w + 0k (Vjkw; — Yejiwe) = Vjkis (3.34)
Ojiwr — Okt (Vikiwj — Yejiwk) = Yiji, 1= 3,4;
djjrwj + 5wy = i, L =1,2.
Here, as above, the last boundary conditions are given for j = 1, ¢, and the others are given for k > j,

j=14q
Using notation (3.26)—(3.28), we can rewrite problem (3.34) in brief form:

Lw=0, 0w=1, (3.35)

= (¢jkla 1=1,2, k>j, ]:m7 1/1jk17 =34, k>3, j=1¢
wk‘jla l:3747 k>]7 J:LQ7 wjjla l:1727 ]:m) (336)

Definition 3.2. We say that an element w := (wi,...,wq) € V is a weak (variation) solution of
problem (3.34) (or (3.35)) if

(m¥)e = w)y Vnev. (3.37)
Obviously, Eq. (3.37) follows from Egs. (3.35) and (3.29).

Theorem 3.2. Assume that
Ve (Gy)™. (3.38)
Then the following assertions hold:

1°. The operator form (3.34) and variational form (3.37) of the second auziliary S. G. Krein problem
are equivalent.
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2°. Under condition (3.38), problem (3.37) has a unique weak solution
w=:Typ, Ty: (Gy)" > MCV, (3.39)
where M is the subspace of “harmonic” elements,
M= {w="Tu: $€(Gs)'}. (3.40)

Moreover, the following orthogonal decomposition holds in the inner product of the space V:

q
V=NoM, N=@N;, N;=kery;, j=T4¢ (3.41)
j=1

Proof. The proof is standard, as in Theorem 3.1, and it is based on the fact that the left-hand side of
Eq. (3.37) is a bounded linear functional on V' iff condition (3.38) is valid.

Let us prove the first statement. It suffices to verify that all relations (3.34) follow from (3.37).
Indeed, by virtue of the Green formula (3.25) and the definition of the expression (yn,)g, we have

MQ

(mj, Ljw;) e, + Z ZZ VikiNjs Oikiw; + Opjiwk + ki Viki Wi — Yiki) G
1 J=1k>j I=1

(m@v—@mez

+
M= 5
\E EM%

(Vikings Ojkiws + Ot (Vikiws — YejiWk) — Vjki) G

Jj=1k>j

(Vg Okt — Okt (VikiWs — YrjiWk) — Vi) G

+
-

<
Il
-
7
\
<.
Il
W

q
+ ZZ Vit Ojjiws + djviiw; — Yjji)a G = 0.
j=11=1

The first statement follows from this since all 7;z;n; are arbitrary.

Let us prove the second statement of the theorem. Since 1) € (G4)*, the expression (yn,1)g is
a bounded linear functional on V; therefore, for every 1 € (G4)*, there exists a unique element
w =: Ty € V such that Eq. (3.37) for every n € V. Moreover, Ty : (G4+)* — V is a bounded linear
operator. This implies that the range of values of the operator Tj; forms a subspace of V', which we
will call the subspace of “harmonic” elements.

Finally, let us verify that decomposition (3.41) is valid in the inner product of the space V. Let
we M and n L M. Then

g q 2
(mw)y =Yy, Lywi)e; + > > Y vkt Djrws + Orjiwk + Ojkaikiw; ) ¢+
J=1 J=1k>j =1
q 4
Y [ikng Ojwiw; + Skt (Vikws — Vejtwr) )6y + Vit Onjrwie — ik (Vikaws — Vrjrwe)) iy
j=1k>j 1=3

q
+ Z Z U j]le + 6'jl'7/jjle>ijl =0. (3'42)
j=11=1
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Since Ljw; = 0 here and the second factors in every functional have arbitrary values v;z; € (G+);'fkl
(see (3.34)), we obtain the following relations from (3.42):

’Y]kln]:()a l:m7k>37]:17q7
’Ykgm]:Oa l:3545k>]7j:17Q7

Y =0, 1=1,2, j=1q.
Along with conditions (3.2) which show that n € V, i.e., with the conditions

Vi = Ve, 1 =1,2, k>4, j=1,¢; ~sm; =0, j=1,q,
we have that for all j = 1,q, every vjun;, vejnk is equal to zero as k > j, [ = 1,4, and every v;;n; is
equal to zero as [ = 1,3. Thus, n € N. O

3.5. Representation theorem for every element of the space of solutions. Let u € V be
any element of the space of solutions of (3.2). Let us show that this element can be represented by
its characteristics Lu € V* and du € (G4+)*.

Theorem 3.3. Any element u € V can be represented a unique representation if the following form:

w=v+w=A"(Lu) + Ty (Ou), (3.43)

where v and w are the solutions of the first and second auxiliary boundary-value problems, respectively:
Lv=LueV* 0v=0, (3.44)

Lw =0, ow = 0u € (G4)*, (3.45)

and A=Y V¥ =V, Ty : (GL)* = M CV are the corresponding operators of these problems.

Proof. Since u € V, we have that Lu € V*, and by virtue of Theorem 3.1, problem (3.18) (as f = Lu)
has a unique solution v = A~1(Lu). Similarly, for every u € V, we have du € (G1)*, and by virtue of
Theorem 3.2, problem (3.45) has a unique solution w = Ty (0u).
Let us introduce an element 4 := v + w = A=Y (Lu) + Ty (Ou) and show that & = u. Indeed, by
virtue of Theorems 3.1 and 3.2, we have (taking into account Eqgs. (3.44), (2.76))
Lu=Lv=Lu, Ou=O0dw=>o0u.
This and the Green formulas (3.29) for pair of elements (7;w) and (n;u) imply that
(n, Lu)p = (n,w)v — (v, Ou)g,

(n, Lu)p = (n,u)v — (yn, Ou)c-
Therefore,
(777U—5>V:0 VUGV;
and u = u, and representation (3.43) is proved. O
Remark 3.1. It follows from Theorem 3.3 and the orthogonal decomposition (3.41) that there is a
bijection between the elements v and w from (3.43) and elements uy := Pyu and up; := Pyju, where
Py and P); are orthogonal projectors to N and M, respectively. To prove this, let us note that
(see [25, 31]) in the proof of the Green formula (1.6), the operator du was constructed at elements
from M and N and then it was extended by linearity to the whole space F'= N & M, i.e.,
ou = Oppupyr + ONun, Oy = T];[l. (3.46)

Taking into account decomposition (3.41), we see that a similar approach holds for Green for-
mula (3.29). We have

ow = Ou = Oppupn + Onuny, w= TM(a’w) =up +TyoONuy. (3.47)

Thus,
V=U—W=UN + UN — (uM+TM8NuN) =un — TyoONupn. (3.48)
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We obtain the inverse correspondence as follows. Since uy € N, TyOnuny € M, in (3.48) we have,
taking into account w € M, that

uy = Pyv, upy = Pyv+ w. (3.49)

4. Applications

Abstract self-adjoint and non-self-adjoint problems generated by different problems are considered
in the present section. Among these problems are the spectral Stefan problem, problems of diffraction
theory, problems of the type of S. G. Krein (about normal oscillations of a viscous fluid in an open
vessel), a problem on the spectrum of bounded self-adjoint operators, and problems on the surface
dissipation of energy. The operators of two auxiliary S. G. Krein boundary-value problems and their
properties are widely used. This allows us to simplify each problem under consideration and use some
known results from the theory of self-adjoint and non-self-adjoint operators, the spectral theory of
operator-functions (operator sheaves), and the theory of operators in a space with indefinite metrics.

Let us assume that below all conditions from Sec. 3 that provide the existence of the abstract Green
formula (3.29) for multicomponent conjugation problems are valid.

4.1. Spectral Stefan problem with the Gibbs—Thomson condition. This problem arises in
the study of phase transitions of a substance (ice melting, metal fusion, etc.). Let us give its simplest
linear formulation.

Consider the following equation in a domain  C R™ with a piecewise boundary 9€:

ou 0%u

— =Au+ f(t,x), Au:= —,
f(t,) ;%

= (4.1)

where v = u(t,x) is a desired function and f(¢,x) is a given function. Assume that the boundary
09 consists of two parts: I and S := 9Q \ I". The second desired function ( = ((¢,z), € T', which
characterizes smaller motions of T, is given at a part of I' € C2. The following conditions are valid for
this function:

¢  Ou
Ar¢=0, =—=0 42
where Ar is the Laplace—Beltrami operator and d/0n is the derivative with respect to the outward

normal 77 to 0€2. Assume that the following complementary conditions hold:
(=0 (atdD), (4.3)
u=0 (ats). (4.4)

Note that problem (4.1)—(4.4) is a linearized model of the one-phase problem considered at a small time
interval ¢ € [0;T]. Its statement arises, e.g., from a model problem considered in [48] (see also [12]).
The first of conditions (4.2) arises from the Gibbs—-Thomson law and the second arises from the Stefan
condition.

Let us introduce the operator B : D(B) C Lo(T') — Lo(T),

B¢ :=—Ar¢, D(B):={CeH*I): (=0 (ondl)}. (4.5)

This operator is self-adjoint and is positive definite in Lo(T"), and its inverse operator is positive and
compact.

Let us consider the homogeneous problem (4.1)—(4.4) and its solutions depending on ¢ by the
formula exp(—At), A € C; such solutions are called normal motions of the dynamical system. Then
for amplitude elements u = u(z), x € , and ( = ((x), = € I' (taking into account (4.5)), we have the
following association: B( = u, i.e., u = B~'(. Excluding ¢, we obtain the following spectral problem
for w:

—Au=XMu (inQ), u=0 (at9), gu =AB'u (at T). (4.6)
n
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Let us call this problem the spectral Stefan problem with the Gibbs—Thomson condition.

Problems of this type were considered by many authors (see, e.g., [11, 16, 17]). Recently, they were
considered in [13, 36, 58, 59], including the case where the right-hand side in the boundary conditions
for I is either positive or negative.

Let us consider a generalization of problem (4.6) to the case of a multicomponent abstract conjuga-
tion problem (an abstract generalization of the modified Stefan problem in general form was considered
in [36]). Let requirements (2.65)—(2.68) and the conditions providing the existence of the Green for-
mula (2.64) be valid. Then the problem consists of Egs. (2.70), where X is replaced by —A, and the
boundary conditions (2.72)—(2.80), where p is replaced by £X. We assume that requirements (2.71),
(2.73), and (2.74) hold for the operators aj, 0;x;, and ajx, respectively.

Let us introduce the following notation:

au = (a1ui, ..., aqlq), (4.7)

ayu = (r Yk, 0, ajrs(Vikstj — Vejsur), 0,
— ajr3(Vjrsty — Yrgzur), 0 (k> j), ajjivijug, 0 (G =1,9)). (4.8)

Then we can rewrite the statement of the Stefan problem in the following brief form taking into
account notation (3.26)—(3.28):

Lu = dau, Ou= A ayu, u€V, (4.9)

where the signature operator J is diagonal in decomposition (3.27), (3.28); moreover, its diagonal
consists of identity operators multiplied by +1 (depending on the sign at A in the boundary condition
of the initial problem).

Let us use the properties of solutions of the auxiliary boundary-value problem from Secs. 3.2-3.5 to
study problem (4.9) and to reduce it to a standard problem for eigenvalues. By virtue of Theorem 3.3
and formula (3.6) the solution of problem (4.9) has the following form:

u= A" Lu) + Tar(0u) = A Naw) + Tvy(Mayu), w eV,

where A is an operator of the Hilbert pair (V; E), A € L(V,V*), and T)s is a resolving operator of
the second auxiliary problem (see Sec. 3.4.)
Thus, the following spectral problem arises in the space V:

u=A\ (A_lau + Ty Jaryu) . (4.10)
Let us transform it to a more symmetric form. Since V = D(AY/?), we can assume that
u=A"Y%y, nekE. (4.11)
Then we have from (4.10)
A*1/217 =A (AilaAflﬂn + TMJoryAfl/Qn) .

Each term here is an element of V' = D(AI/Q) C E; therefore, we apply the operator A2 to both
sides and obtain the following equation in the space E:

n=AAn+Bn), A:=A"Y24A71/2 (4.12)
B:=Q(Ja)Q, Q:=~A"'% Q" :=AVTy. (4.13)

Lemma 4.1. Let the operator a form (4.7) have the following property:
at'? € 6, (V; E), (4.14)

i.e., it is a compact operator acting from V to E. Then the operator A from (4.12) is a compact
positive operator acting in F.
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Proof. Since A=Y/2 € L(E;V) and (4.14) is valid, we see that a'/2471/2 € &, (E). Therefore,

A=A"12qA712 = (a!/2A~1/2)*(a'/2A~1/2) > 0. Since A and a are invertible (see (2.71) and (4.7)),

we have that A > 0. m
Let us consider the properties of the operator B from (4.13).

Lemma 4.2. The operators Q = vA~Y2: E — G and Q* = AV2Ty; : G — E are self-conjugated.
If G C C G, then these operators are compact.

Proof. Since v : V — G is a bounded operator and the operator A~'/2 acts boundedly from E to
V, we have that vA~Y/2 € £(FE;G,). It follows, by virtue of the compactness of embedding of G to
G that yA~Y/2: E — G is a compact operator.

Let us use equality (3.37) for n = A='/2y, v € E and Definition (3.39) of the operator Ty to prove
the property of self conjugacy of operators @) and Q*. We have

(VAT 0, ) = (AP0, o)y = (AYPATY20, AV Ty ) g
= (0, ATy p)g Vv e E, Vi € (G4)" D G.
It follows from here as ¢ € G that
(0, AV Ty g = (WA™Y20,4)g Yo e B, Yo € G.
O

Let us rewrite the statement for the quadratic form of the operator B using Lemma 4.2. Since
n = A2y € E, we have by virtue of Definition (4.8) of the operator oy and the signature operator .J
that (see (3.16))

q
(0, Bn)e = (yu, (Ja)yuya =D { £ (yimtg, jpvimti)a,.,
J=1 k>j

q
+ ((Vjratts — Vejstih), ks (Vikathy — Vessth))Goes )+ O {E (U, i vinug)ay, b (4.15)
j=1
Here the signs plus or minus are the same as in the corresponding boundary condition for the Stefan
problem.
Since all the operators i are positive definite (see (2.73)), we have that form (4.15) is real. Assume
(see property (4.14)) that the operator a € G ((G+); (G4)*) or, equally,

al? € 6, (G1; Q). (4.16)
It is sufficient (by virtue of the structure of «), that all i from (4.15) have the following property
ikt € Goo((G4 )kt (G4 )jr)- (4.17)

Lemma 4.3. If Condition (4.16) (or Condition (4.17)) holds, then the operator B from (4.13) is a
compact self-adjoint operator acting in E.

Proof. The proof follows from representation (4.13) or from form (4.15), and from Property (4.16);
therefore, yA™1/2 € L(E;Gy) (Lemma 4.2). O

Lemma 4.4. The kernel ker(A + B) of the operator A+ B is trivial for any signature operator J.
Proof. Let us consider the equation An + Bn =0, i.e.,
ATV A2y 4 AV2Ty(Ja)yA™ 2y =0, neE.
Let us make the reverse substitution (4.11) and apply the operator A='/2 from the left. We have
A au + Ty (Ja)yu =0, ueV. (4.18)
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It follows from solutions of the first auxiliary problem (see Theorem 3.1 and relations (3.31)—(3.33))
that (4.18) is equal to the relations
Ly = —au, ¢ :=Ty(Ja)yu, 9Jp=0.
Since the operator T acts from (G4 )* to the subspace M (see (3.39)—(3.41)), we see that ¢ € M and
0p = Oy = O T (Ja)yu = (Ja)yu (4.19)

as dyy is the left-inverse for T);.
We have from (4.19) and (4.18) that A~'au = 0; then as A~! is positive and a is positive definite
(see (4.7) and (2.71)) we can conclude that u = 0 and, consequently, = A2y = 0. O

It follows from this lemma and Lemmas 4.1 and 4.3 that the numbers A = 0 and A = co are not
eigenvalues of problem (4.12). Therefore, it is equivalent to the following problem:
(A+B)n=pn, A=1/p, (4.20)

i.e., the problem for eigenvalues of the compact self-adjoint operator A + B.
It is known that the positive eigenvalues ;" of problem (4.20) are sequential (decreasing) positive

maxima of the variation relation
(An,n)g + (Bn,n)E

2
1%
and the negative eigenvalues ji, are sequential (increasing) negative minima of the same relation.

Lemma 4.5. Let the conditions of Lemmas 4.1 and 4.3 hold. Then problem (4.20) has a branch
{u;}iozl of positive eigenvalues of finite multiplicity with a limit point u = 0.

, (4.21)

Proof. 1t is sufficient to make sure that there is an infinite-dimensional subspace of F, where func-
tional (4.21) is positive. Nevertheless, if 7 = AY?u, u € N, then yu = 0 and hence By = 0. Then,
by virtue of the positiveness of .4, we have that functional (4.21) gets positive values in infinite-
dimensional AY2N C E. O

Note that if J = I, i.e., every sign at A in the statement of problem is positive, then B > 0 and,
therefore, problem (4.20) has only a branch of positive eigenvalues. Let us consider the case where
the signature operator J is at least once negative, i.e., J # I. This means that quadratic form (4.15)
has at least one negative term. Let us show that in this case problem (4.20) has a branch {y, }72; of
negative eigenvalues with a limit point zero.

It is obvious that, in our assumption, the operator BB can be represented in the following form:

B=B —By, B;i>0,i=12, (4.22)

where B; refers to a nonnegative part of quadratic form (4.15) and Bs refers to a negative part.
Let us consider the Steklov auxiliary problem

Lw=0, ow=M\Ja)yw, we M. (4.23)

Lemma 4.6. If quadratic form (4.15) can be positive or negative in infinite-dimensional subspaces
(and Condition (4.16) or (4.17) holds), then problem (4.23) has a real discrete spectrum consisting
of two branches: positive eigenvalues )\z = A;(B), k=1,2,..., )\z — +o0o (k — o0) and negative
eigenvalues A\, = A\, (B), A\, = —o0 (k — 00). The following system of eigenelements which form an
orthogonal basis in subspace M C 'V refers to these branches: {w; }52, U{w, }72 ;.

Proof. Tt follows from the second S. G. Krein auxiliary problem (3.34) that Eqgs. (4.23) are equal to
the relation

w = Ny (Ja)yw. (4.24)
After the substitution w = A=1/2y, n € E, we obtain the equation
n = ABn = A(B1 — Bz)n, (4.25)
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where the quadratic form of operator B can be (it follows from the statement of the lemma) positive
and negative in infinite-dimensional subspaces. Since operator B is compact, the statement of the
lemma including the fact that eigenelements of problem (4.24) form a basis in M follows from the
Hilbert—Schmidt theorem. O

It follows from Lemma 4.6 and its proof that if a quadratic form of operator By is positive in an
infinite-dimensional subset, then operator B has a branch of negative eigenvalues {y }32; and the

sequence of eigenelements {w, }72, corresponding to this branch and forming an orthogonal system
in M CV.

Lemma 4.7. If the dimension of the range of values of operator By is infinite, i.e., the quadratic
form (4.15) is negative in infinite-dimensional space (the case of J # I) and if the condition

a'’? e L(E) (4.26)
and the conditions of Lemmas 4.1 and 4.3 hold, then problem (4.12) has a branch of negative eigenvalue
ALy Ay = —00 (k— 00).

Proof. Tt is sufficient to ensure that the quadratic functional (An,n)g + (Bn,n)E is negative in the
infinite-dimensional subspace.
After the substitution n = AY2u we have

(n: An)g + (0, Bn) = (n, A™?aA™Pn) g + (9, AV Tar (Ja)yA™ Py
= (u, au) g + (yu, (Ja)yuw)g = [|a'?ul|% + (vu, (Ja)yu)g. (4.27)
Let {w, }32, be a sequence of normalized in M eigenelements of the Steklov problem (4.24) that

correspond to eigenvalues A, of this problem, A\, — —oo (k — 00). Then we have, for elements of
this sequence,

(ywy, s (Ja)yw Yo =1/A; <0, k=1,2,....

Since N is dense in E (see (3.13)), we have for every w, and e > 0 that there is such an element
ug € N that

lwy — wkl|E < ex/lla*?|. (4.28)

Quadratic form (4.27) is negative at the elements w, —ug, k =1,2,... because

la'/2 (wy = w1 % + (v(wy = up), (Ja)y(wy — up))e
< ||(11/2|| : HUJ]; - ukHQE + (7w,§, (JOZ)’)/’(U];>G <ep+ ]-/)‘]; < Oa k= 1a 2a ceey
if we choose
0<er<—(1/X.), k=1,2,....

Note that the sequence {w, — u;}72, consists of linearly independent elements. Indeed,

o o0 o
E cr(wy, —up) =0 = g crw, = E cpup = 0,
k=1 k=1 k=1

since the first sum belongs to M and the second sum belongs to the orthogonal subspace N. Since
the system {w, }3°, is orthogonal in M, it follows that ¢, = 0, k = 1,n.

We see that {w, — u,};2, is a desired sequence of linearly independent elements from V' at which
quadratic form (4.27) is negative. O

Using all these facts, we formulate the final statement about properties of solutions of the multi-
component abstract Stefan problem with the Gibbs—Thompson condition.
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Theorem 4.1. Let operators L, v and O be such that the abstract Green formula (3.29) holds. Let
operators a and oy be defined by formulas (4.7) and (4.8), and conditions (2.71), (2.73), (2.74), (4.14),
and (4.16) hold. Then the following assertions hold.
1°. The spectral problem (4.9) has a discrete real spectrum consisting of eigenvalues { A} of
finite multiplicity with a limit point at the infinity.
2°. The eigenelements {un}>2 ;1 of problem (4.9) corresponding to the eigenvalues {\n,}32 1 form an
orthonormal basis in the space V', and the following orthogonal conditions hold:

(U, un ) v = A\p {{(Um, aun) g + (Ytum, (Ja)yun)g} = Omn, (4.29)

where Oy 15 the Kronecker symbol.
3°. If J =1, i.e., every sign at the spectral parameter A in the boundary conditions is positive in
the statement of problem (4.9), then every eigenvalue of this problem is positive.
4°. If J # I and, consequently, the quadratic form (4.15) is negative at an infinite-dimensional
subspace and, moreover, if condition (4.26) holds, then problem (4.9) has two branches of
eigenvalues: a positive branch {)\Z}iozl, /\,;F — 400 (kK — 00), and a negative branch
32y, A, = —oo (b — 00).
5°. The following inequalities hold for the eigenvalues )\z and A\ :
N Sy <0<yl <A, k=12,
where 1/1/,2r are eigenvalues of variational relation (4.21) for J = I or the following relation
(see (4.27)):
[(u, au) g + (yu, a(yu)al/|[ullfy,  w eV,
and 1/v, are eigenvalues of the variational relation
(B _
( 2777277)15 _ ('YU,OQSYU))G’ W= AV pe R,
i ull?

where agy is a part of the operator o that generates the operator By from (4.22) and corresponds
to negative quadratic functionals in (4.15).

Proof. 1° follows from Lemmas 4.1-4.3 and the Hilbert—Schmidt theorem.
2° follows from the Hilbert—Schmidt theorem and the fact that A = 0 and A = oo are not eigenvalues
of problem (4.12). Thus, formulas (4.29) directly follow from (4.12) after substitution A=/2n =u € V.
3° follows from the fact that A+ B >0 as J = 1.
4° follows from Lemma 4.7.
5° follows from the maximum principles for eigenvalues of compact self-adjoint operators. O

4.2. Conjugation problems in diffraction theory. Let us again consider multicomponent ab-
stract conjugation problem (2.70)—(2.80) generated by the problem of diffraction. Using nota-
tion (3.26)—(3.28), and (4.7) and (4.8) we can rewrite this problem in the following short form:

Lu+Xau=0, Ou=payu, Apu€C, ueV. (4.30)

Problem (4.30) can be reduced to problem (4.9) with help of substitution of A by —\ in the first
equation and g by AJ in the second equation. Thus, to study problem (4.30) we can use the same
approaches as for problem (4.9).
Again, using representation of any element u € V' (see formula (3.43)) we obtain from Eqs. (4.30)
that
u= A" (=Xau) + Ty (payu), we V.

Substituting (see (4.11)) w = A~1/25, 5 € E, we obtain the following equation:
n+MAp—puBn=0, A=A"Y24A7Y2 B=Q%Q, (4.31)
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where operator A is the same as in problem (4.12), and B is a special case of operator B from (4.13)
where J = I.

It follows from here that the statement of Lemma 4.1 is valid for operator A and the statements of
Lemmas 4.2-4.4 are valid for operator B from (4.31). Let us note that in this case the quadratic form
of operator B has form (4.15) with the positive sign at every term, i.e.,

q
Bn.m)e = (n,Bn)e = (yu,avuye = > > {{vimty, 0irviriti) 6,
i=1 k>

q
+ ((viksuj — Yjaun), ks (Viksws — 'ijBUk)>ij3} + Z {<'7jj1uja Oéijjjluj>ij1} , u=A1
j=1
(4.32)

Lemma 4.8. The operator B has an infinite-dimensional kernel
ker B = {n =AYy u= (Ut,...,uq) €V, vYjriuj = yjur =0,
Vikity = Yrjite, L =2,3, k> j; vjau; =vjsu; =0, j=1,q}. (4.33)
Thus, the set
AVIN = {n= AV we N} C kerB. (4.34)
Proof. the proof follows from the fact that quadratic form (4.32) is zero as

Yk =0, Yik3uj — Wjsuk =0, k> j; vju; =0, j=1,q,

since operators a1, i3, and o 1 positive definite and u € V. Then (see (3.2))

Vik1tj = VejlUk, VjkaUj = Vkjour =0, k> j;  vj3u; =0, j =1,q.

Embedding (4.34) is obvious as conditions v;ru; = ykjur = 0 (for all k > j and [) are valid for all
elements from N = BI_; N;. O

The following operator sheaf corresponds to Eq. (4.31):
KA\ pu) =T+ A— uB.

It depends on the complex parameters A and p. Both variants are studied in diffraction problems

(see [4]): either M is fixed and u is a spectral parameter or vice versa. These parameters are almost

equivalent in problem (4.31); the difference between the variants is that A is positive (Lemma 4.1),

and operator B is nonnegative (see (4.32)) and has an infinite-dimensional kernel ker B (see (4.33)).
The equation of the form (4.31), i.e.,

K\ un=0, nek, (4.35)

was studied recently in papers [53, 55, 55] and [33, 34]. Therefore, the results of this study are given
here without a proof.
Assume that A € C is fixed and p is a spectral parameter in problem (4.35). Introduce the following
notation:
Ey:=kerB, FE;:=F6 Ey, (436)
and denote by Py and Py, respectively, the orthoprojectors on the subspaces (4.36). Representing the
solution 71 of problem (4.35) in the form

n = o +m = Fon + P,
we obtain the following system of equations instead of (4.35):
(Lo + APy APy)no + APy APy = 0,

4.37
APLAPyno + (It + APLAPy ) — pBim =0, By := PBP, (437)
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where B; is a compact positive operator and Iy and [I; are the identity operators in FEg and FEj,
respectively.

Theorem 4.2. Let the general condition hold in problem (4.35) (the non-self-adjoint case)
Im A\ # 0. (4.38)

Then the following statements hold:
1°. If
Be&y(F) (4.39)

(where &,(E) is the subspace of the space of compact operators that are summable with the factor
p, see [19, Secs. 2, 3|); then problem (4.35) has a discrete spectrum consisting of eigenvalues
{ue(N) 332, of finite multiplicity with a unique limit point p = co. If € > 0 is arbitrarily small,
then all eigenvalues pug(N), perhaps, except for a finite number, are situated in the angle

A:(N) :={peC: |argu| <e, signIm p = signIm A}.

In this case, the system of eigenelements and adjoint elements {ni}3;>, of problem (4.35)
corresponding to the eigenvalues {u(N)}5, after the projection to the subspace En, i.e., the
oo . .
system of elements {Pmk}k:l, is complete in subspace E1.
2°. If, instead of (4.39), a stronger asymptotic condition

Me(B) = Me(B1) = ck P14 0(1)], ¢>0, >0, k— oo

holds for monzero eigenvalues of operator B, then the following asymptotic formula is valid for
the eigenvalues {pk(N)}52, of problem (4.35):

(N = A LB+ 0(1)], k= oo,

In this case, the system of elements {Pmk};ozl forms the Abel-Lidsky basis (see [4, p. 248-249)])
of order o > B~ in the subspace E;.

If A € R, then problem (4.35) becomes self-adjoint. The following results take place.

Theorem 4.3. If the condition
A>0 (4.40)

holds (the self-adjoint case), then problem (4.35) has a discrete spectrum {uy(\)}32, consisting of
positive eigenvalues of finite multiplicities

pe(N) > NN BY), k=1,2,...,

with a limit point at +o0.
The eigenvalues {Pmk};il corresponding to the eigenvalues {p(N)}52, form an orthogonal basis
in the energy space Ep (x) of the operator

Fl()\) =11 + \PLAP; — )\2P1.AP0(IO + )\P(]APO)_IPOApl,

and a basis with respect to the quadratic form of the operator By. We can take basis elements satisfying
the following normalization conditions:

(FL(N) Pung, Pumy) = (Punie, Pin) ) = 0kts (BuPumie, Pume) = g, 6

They are equivalent to the relations

(s ) + MA ) = 610 (B ) = 1, 0.
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Definition 4.1. Let us say that the parameter A < 0 of problem (4.37) has nonexceptional values if
the following conditions hold:

1+ Mg(A) #0, 14+ M(PoAPy) #0, k=1,2,...;
the numbers
A=-N1A), A=\ PAR), k=1,2,..., (4.41)
are called exceptional values of the parameter A.

Theorem 4.4. Let the parameter A have nonexceptional negative values and s = »p (x) > 0 be the
indefiniteness range of the quadratic form of operator Fy(X). Then problem (4.37) for this X\ has a
discrete spectrum {pg(N)}32, consisting of real eigenvalues of finite multiplicities with a unique limit
point X = 4o00. In this case, the eigenvalues {p(X)}7_, are negative and the others are positive.

The eigenelements {Pmk}iozl corresponding to the eigenvalues {u(N)}52, form a Riesz basis and
an orthonormal basis in Ey with respect to forms of operators Fi(\) and By. We can choose elements
of this basis satisfying the following normalization conditions:

(FLt(A) Py, Piy) = =0k, 1< k1 < s
(F1(N) Ping, Pumy) = 0, k,l > s
(F1(N) Puny, Pum) = 0, k< 1>

(ByPunie, Pumy) = i (A) (FL(A) Punge, Prmy).

The case where the parameter A\ has negative exceptional values (4.41) in problem (4.37) was
considered in [33, 34, 54]. It is proved that the spectrum of this problem is real and discrete with a
limit point at +00, and eigenelements after projection to some infinite-dimensional subspace form a
Riesz basis in this subspace.

Let us again consider problem (4.31) assuming that the parameter o € C is fixed and A is a spectral
parameter. This problem is simpler than the previous because the operator A > 0 is now considered
as the principal operator and hence ker A = {0}. Let us state analogs of Theorems 4.2-4.4 for this
case.

Theorem 4.5. In problem (4.31) with fized p, let the following general condition hold:
Im p # 0. (4.42)
Then the following assertions hold.
1°. If
Ae G,(E), (4.43)

then problem (4.31) has a discrete spectrum {\(p)}32,consisting of eigenvalues of finite mul-
tiplicities with a unique limit point A = co. For an arbitrary small € > 0, all eigenvalues A (p),
except, perhaps, a finite number, are situated in the angle

Ac(p) :=={X e C: |arg(A\— )| <e, signIm p = signIm \}.

In this case, the system of eigenelements and adjoint elements {ny}32, corresponding to the
eigenvalues { A (1) }72, is complete in the space E.
2°. If, instead of (4.43), the following stronger asymptotic condition holds:

Me(A) =ck™[14+0(1)], ¢>0, a>0, k— oo,
then for the eigenvalues {\i(1)}72,, the following asymptotic formula is valid:
A(1) = =N AL+ o), k= oo,

and the system of eigenelements and adjoint elements {nk}zozl forms the Abel-Lidsky basis of
the order B > o~ in the space E.
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The following results are valid for a real fixed parameter p.

Theorem 4.6. Let 1 < 0. Then problem (4.31) has a discrete spectrum {Ap(p)}32, consisting of
negative eigenvalues of finite multiplicities with a limit point at —oo. Eigenelements {ny}7>, of this
problem corresponding to the eigenvalues {\,(p)}32, form an orthogonal basis in the energy space
Ep(y of the operator F(u) := T — pB, and a basis with respect to the quadratic form of the operator
A. We choose basic elements satisfying the following normalization conditions:

(F()me.m)e = (ks ) #(uy = Okts (Amism) e = =N, (1) -
For positive u, we assume that
p#ENTB), k=1,2,..., (4.44)

where {\;(B)}72, is a decreasing sequence of positive eigenvalues of the operator B, Ay(B) — 0 (k —
00); moreover,

1—=X(B)<0, k=1,...,5¢, 1—X41(B)>0. (4.45)
Theorem 4.7. Under conditions (4.44) and (4.45), problem (4.31) has a discrete spectrum
{Ak(p) 332, consisting of positive eigenvalues of finite multiplicities with a unique limit point X = —oo.

In this case, the eigenvalues {\,(1)}i_, are positive, and the others are negative.

The eigenelements {n;}7° | corresponding to the eigenvalues {\,(p)}72, form a Riesz basis and an
orthonormal basis with respect to the quadratic forms of the operators F(u) := I — uBB and A. We
choose basic elements satisfying the following conditions:

— Ok, 1<k, <o
(F () m)e = 0, k<5 >3
Okls k,l > s

(An,m) e = =g (1) (F (1), m) -

If the parameter p > 0 has one of the exceptional values when the equality sign is in (4.44), then
statements similar to Theorem 4.7 hold. In this case, problem (4.31) has also a zero eigenvalue of
finite multiplicity.

Remark 4.1. Nontrivial solutions of the Steklov problem (see (4.23))
Lw =0, O0w= payw, (4.46)
correspond to exceptional values of parameter pu, i.e., )\,;1(3), k=1,2,...
Indeed, it follows from the proof of Theorem 4.6 that this problem is equivalent to the equation
n = puBn
(see (4.23)-(4.25)).
Nontrivial solutions of the Neumann—-Newton problem (for the first series) and, seemingly, of the
Dirichlet problem (for the second series) correspond to exceptional values of parameter A from (4.41).
In particular, if
Lu+ Xau =10, Ou=0, (4.47)
then we have, by virtue of formula (3.43),
w=—A""dau), u=A"Y?p,
and then
N+ =0, A=A"12qA712,
Therefore, eigenvalues A in this problem are equal to
A= =-N1A), k=1,2,...;

they correspond to nontrivial solutions of problem (4.47).
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To prove the statement for the second series of (4.41), we consider the Dirichlet problem of the
form
Lu+ Xau =0, ~u=0.

4.3. Problems of S. G. Krein type. Problems of such type arise in studies of normal motion of
viscous fluid in nonfull vessels (see [8, 38, 39] and [31, Sec. 7]).

Such problems can be generalized to a spectral problem, which can be expressed in terms of operators
from the abstract Green formula (3.29) and a spectral parameter from the equation and the boundary
condition.

The problem is to find nonzero elements u € V satisfying the following relations:

Lu = Aau, M\ou= Jayu, (4.48)

where A is a spectral parameter, the operator a € L(E), a > 0, and « and J are the same as above
in Secs. 4.1 and 4.2.

Lemma 4.9. Problem (4.48) has a nonzero eigenvalue of infinite order corresponding to the proper
subspace

My = {u = (u1,...,uq) € M 1 Yjp1u; = Ygjrur =0,
Viky = Yijiwe =: @ik € (G4)jr, 1 =2,3, k> j; vjj1u; = vj53u; =0, j=1,q}.
Proof. From (4.48), we have for A =0

Lu=0, Jayu=0. (4.49)
Therefore, u € M and avyu = 0, since J? = I and, consequently, J = J~!. Similarly to Lemma 4.8,
we take elements from M C V that satisfy relations (4.33). O

Separating these trivial solutions and assuming that A % 0, we obtain the following problem:
n=Mn+ "By, n=AYu \#0. (4.50)

We call this problem the problem of S. G. Krein type. The operators A and B here are the same as in
the Stefan problem (Sec. 4.1), i.e., they are defined by relations (4.12) and (4.13). The statements of
Lemmas 4.1-4.4 hold.

Consider the simplest case of the problems of S. G. Krein type, that is, the case where the operator
a in (4.48), given by (4.8), is replaced by the identity operator, i.e., ayu = ~yu, and ~yu is defined
according to (3.27). Then the number A = 0 is not an eigenvalue of the problem:

Lu = Aau, Mou = Jyu.
Therefore, the following problem having only trivial solutions arises from (4.49) after substitution of
« for I:
Lu=0, Jyu=0.
Thus, we consider the following problem as A # 0:
n=Mn+\X"'Bny, n=A"uecE, A=A"12aA7? B=0Q"JQ. (4.51)

Problems of type (4.51) (for meromorphic S. G. Krein sheaves) generated a widespread studies in
the sixties of the last century and later. Therefore, we give only some results based on papers of
S. G. Krein and his disciples, Markus and Matsaev (see [43-45]), and Kopachevsky and Azizov.

Definition 4.2. A basis {1}, of the Hilbert space E that can be obtained from the orthinormal
basis {¢}72, according to the law

Y =Cor, k=1,2,..., C,C'eL(E), (4.52)

is called a basis equivalent to a normalized basis or a Riesz basis.
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Definition 4.3. We say that the Riesz basis {1}, is a p-basis if
C=I1+4+T, TG, (0<p< o)
in (4.52). If p = 2, this basis is called a Bary basis.
Lemma 4.10. The kernel of the operator B from (4.51) is the set of elements
ker B= {n= AV sy = 0} = AY2N =: Ey. (4.53)
Proof. Let n € ker B, i.e., Bn = Q*JQn = 0. Then for any ¢ € E we have

(Bn,Q)p = (Q°JQn, Q)r = (JQn,Q¢)g = 0.

Here Q¢ = vA~Y/2¢ covers all G since A~1/2( covers all V while ¢ is changing in E. Since G is
dense in G, we have J@Qn = 0; moreover, since J is invertible we have @n = 0. Equation (4.53) follows
from here. [

Since the operators A and B are self-adjoint and compact in (4.51), we see that the following
operator sheaf corresponds to this problem:

T-M-)\"'B. (4.54)
This operator sheaf is a self-adjoint holomorphic operator-valued function of a parameter A at the
whole complex plane C except for the points A = 0 and A = oco. Such functions are called Fredholm
sheaves (see, e.g., [31, p. 74]). Since the sheaf under consideration is invertible, for example, at any
nonzero point of the conjugate axis, it is regular. This implies that the spectrum of problem (4.51)

is discrete and consists of isolated eigenvalues of finite multiplicities with limit points at A = 0 and
A= 00.

Theorem 4.8. For the sheaf (4.54), let the following conditions be satisfied:
dim E; :=dim(F © Ey) = o0, 4| Al - ||1B|| < 1. (4.55)
Introduce the following numbers:
re = (11 —A4||A|l-I1BI)/2]|Al, 0<r_ <ry<oc.
Then the following assertions hold.

1°. Problem (4.51) has a discrete real spectrum with limit points at A =0 and \ = oco.

2°. The branch {\on}32, of eigenvalues situated on the interval [0,7_] refers to the limit point
A =0 for J = 1. In the indefinite case, i.e., if J # I and J # —1, the two branches {)\gn i}
and {\y, }o2; of eigenvalues situated at intervals [0,7_] and [—r_,0], respectively, refer to this
limit point. The system of eigenelements which forms the Riesz basis in E1 after projecting to
Ey = E © Ey refers to the whole collection of eigenvalues.

3°. The branch {Asck}e, of eigenvalues situated at the interval [r4,00) refers to the limit point
A =o00. The corresponding system of eigenelements forms the Riesz basis in E.

The proof of Theorem 4.8 can be found in [42, Theorem 30.2] and [23, 43].
We also assume that
A€y, BEGy;, pa, pg>0 (4.56)
in problem (4.51).

Theorem 4.9. If conditions (4.56) are valid, then the following assertions hold.
1°. The system of eigenelements corresponding to the eigenvalues lying on the interval [—r_,r_]
after projection to Ey forms a p-basis in Ey1 as p > pg, where

po' = (pa) " +(e) "

2°. The system of eigenelements corresponding to the eigenvalues at the interval [ri,o00) forms a
p-basis in E for the same p.
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The proof of these statements can be found in [10, 22-24, 32].
As a rule, the operators of Dirichlet, Neumann, and Newton boundary-value problems have a power

asymptotic of eigenvalues in problems of mathematical physics. In this case, the following statement
holds

Theorem 4.10. Assume that the following conditions are valid in problem (4.51):
)\k(A):cAk_l/o‘[l—i-o(l)L k— o0, cqg >0, a>0;
Ap (B) = 2ok L o(1)], k= o0, 5 >0, B > 0.

Then the following assertions hold.

1°. For the branch {Asok}3e, C [r4,00) of eigenvalues with the limit point 400, the following
asymptotic formula holds:

Aock = () T L+ 0(1)], k= .

2°. For the branches {\3;}32; C [0,7_] and {\;;,}32, C [-r—,0] of eigenvalues with limit points
40, the following asymptotic formula holds:

Ao, = A5 (B)L+0o(1)], &k — oo.

This theorem directly follows from papers [44, 45].

Thus, the asymptotic behavior of three (or two) branches of eigenvalues in problem (4.51) is de-
fined by the corresponding asymptotic behavior of branches of eigenvalues of operators A and B. In
particular, there is a branch of eigenvalues with a limit point at zero at negative semiaxis for J # I.
This situation arises, for example, in the problem of instability for normal motion of a heavy viscous
revolving fluid (see [31, p. 312-325].)

If the condition 4[|.A| - ||B]| < 1 is not valid (see (4.55)), then problem (4.51) can have, in addition,
a finite number of complex conjugate pair of eigenvalues of finite multiplicities. In particular, in the
hydrodynamical S. G. Krein problem, this condition is valid for the sufficiently large viscosity of the
liquid and is not valid for sufficiently small viscosity. In the second case, Theorems 4.8-4.10 hold but
in the corresponding subspaces of finite codimension.

4.4. Problems on the spectrum of bounded operators. The problem under consideration
arose in the research of Yudovich on convection theory. He studied problems of stability of new
normal motions of dynamical systems arising after bifurcation. This problem can be formulated in

the following form in terms of operators connected with Green formula (3.29) (see [21].)
Let w € V and ¢ € G be unknown elements. We find nonzero solutions of the system of equations
Au+w = Au, yu = Ap, Lw =0, dw = ¢, (4.57)

where A is an operator of a Hilbert pair (V; E) and A is a spectral parameter.

Let us transform problem (4.57) and reduce it to a spectral problem for a bounded self-adjoint
operator acting in the space £ @ G.

The last two equations from (4.57) and the second auxiliary problem (Sec. 3.4) imply that

w = TM@:
and then we have the following problem instead of (4.57):
Au+ Typ = Au,  yu = Ap. (4.58)

Since Ty € M C V as ¢ € G, it follows from the first equation that Au € V = D(A'/2). Therefore,
we apply operator A2 from the left in the first equation of (4.57) and substitute n = A%y €
D(A) C E:

An+ Qo =Xy, neE Q =AVTy,

4.59
Qn=2>Xp, p€G, Q=yA"Y2 (4:59)
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Introduce the operator
2o := diag(A4;0), D) =D(A) &G, (4.60)
which is considered unperturbed; then we can consider problem (4.59) as a problem about the spectrum
of a perturbed (bounded by terms outside the diagonal) self-adjoint operator

oA = (g %) . D(A) &G — EaG. (4.61)

Note that since the operator 2l is self-adjoint and the operators (Q and * are bounded and compact
(Lemma 4.2), we have that the operator 2 is an unbounded self-adjoint operator. The problem is to
find how the spectrum of the initial operator 2y changes if this operator is perturbed by terms Q*
and @ outside the diagonal.

Let us consider this problem and make the properties of solutions of spectral problem (4.59) clear.

Lemma 4.11. The number A = 0 is not an eigenvalue of problem (4.59), i.e., ker A = {0}.
Proof. For A =0, we have from (4.59)

(An,me+ (Q*e,n)e =0, (p,Qn)c=0.

It follows from here that (An,n) = ||n]|3 = 0 and = 0. Since the operator Q* = AY/2T) is invertible,
we obtain from the relation Q*p = 0 that ¢ = 0. U

Lemma 4.12. Problem (4.59) is equivalent to the following spectral problem for a meromorphic spec-
tral sheaf:

E=NATY¢—\'BE, B:=ATVPQFQATY?, ¢ = AV (4.62)
Proof. 1°. Since for solutions of problem (4.59), we have A # 0, we see that ¢ = A~'Qn, and then
An+27'Q*Qn =X n, neD(A) CE. (4.63)

Substituting n = A~/2¢ and applying operator A=1/2 from the left, we obtain Eq. (4.62).
2°. Conversely, if Eq. (4.62) satisfies with operator B = A~Y2Q*QA~Y2, then we obtain the
following equation after a reverse substitution & = A'/2:

AV = NATV 2 - XTTATY2Q Q. (4.64)
It follows from this equation that € D(A). Therefore, applying operator AY? from the left, we
obtain Eq. (4.63), and introducing ¢, we obtain problem (4.59). O

The operators A~' and B in problem (4.62) are compact and self-adjoint. Hence A~! > 0 and
B > 0. Therefore, the self-adjoint Fredholm sheaf I — AA~! + A~! B, which is invertible at any point
of the complex plane outside the real axis, refers to problem (4.62). This follows from the fact that
problem (4.59), which is equivalent to problem (4.62), can have a spectrum only at the real axis.
It shows that the spectrum of problems (4.62) and (4.59) can be discrete with possible limit points
A=o0and A =0.

Theorem 4.11. Problem (4.62) and the equivalent problem (4.59) have a real spectrum consisting of
two branches of eigenvalues {\; 32, C [—|BJ|,0] and {\{}32; C [M(A), +00) of the finite multiplicity
with limit points —0 and 400 respectively.

The following estimates hold for eigenvalues A :

—Ak(B) <A < =M(B)/(1+ Me(B)IATH]), k=1,2,..., (4.65)
and for the eigenvalues )\Z, the following estimates are valid:
Me(A) <N <M (A + B, k=1,2,.... (4.66)

The eigenelements of problem (4.59) form an orthogonal basis in space E ® G.
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Proof. Since the operator 2 from (4.61) is a compact perturbation of operator 2y (see (4.60)) and the
operator 20y has the points 400 and 0 as the limit spectrum, we have, by virtue of the well-known
Weyl theorem, that the operator 2 has the same points as the limit spectrum. Since A = 0 is not an
eigenvalue of problem (4.59) (see Lemma 4.11), we have that there exists a branch {A_}7, of real
eigenvalues of finite multiplicities with a limit point at zero. The branch {)\;}?’:1, klg)go )\2’ = 4+
refers to the limit point A = +oo.

Let A be an eigenvalue of problem (4.62) and £ # 0 be the corresponding eigenelement. Then

N(ATYE O — NEOE — (BEE)p = 0. (4.67)

It follows from here that eigenvalues A\ can be found among the values of functionals

(6,60 % 1/(6,03 + 447 E)p - (BE, )
p:l:(g) = 2(A_1§7§)E ’ § 7é 07

that are roots of Eq. (4.67). They are called the Rayleigh functionals (see [1] and [31, p. 81]). For
p+(€), we have

ga 5 E
p+(€) 2 (/1(16)5)E = >‘1(A) >0,
and for p_ (), we have that
—Bl <p-(§) <0.
Therefore, {\; }72, C [—||B,0] and {A\;}72, C [Ai(4), +o0).
Let us obtain the estimates (4.65) and (4.66) for the two branches of eigenvalues.
Introduce the functional

1 2(47'¢, 9k

Pr(€) = —— = -
' P=O) (9p— (€O} +AATE R (BE OB
€98+ /(€ 0F +4A O (BEOp
a 2(B¢, &)k '
Then
N (10> 2047, 9)p (A, 9r -1
0< - = ... = < < |[|A7H.
PO e o €Op+/(E0% +4AEOr (BEOr &0 T i

We obtain the following inequalities:

R AOET. L)
These inequalities and the variation principles for polynomial operator sheaves (see [1] and [31, p. 81])
imply that
1 < _i < 1
A(B) © A, T Ak(B)
Thus, we obtain inequalities (4.65). Inequalities (4.66) are proved similarly.
The fact that problem (4.59) has a discrete spectrum with a finite number (two) of limit points
(see, e.g., [51, Secs. 146-150] and [9, p. 268]) implies that eigenelements of problem (4.59) form an
orthogonal basis. O

+ A7, k=1,2,....

Theorem 4.11 and inequalities (4.65) and (4.66) imply that the following asymptotic formulas hold
for the two branches of eigenvalues of problem (4.59):

A = —M(B)[L+o0(1)], k—o0; A =(4) +0(1), k— oo.
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Thus, passing from the operator 2y to the operator 2, the eigenvalues )\; are shifted to the right of the
numbers A\, (A) no farther than || B||. Moreover, the second branch of eigenvalues {); }322, C [—|/B],0]
with a limit point at zero arises. Unstable modes of normal motions refer to such branch in convection
problems.

4.5. Problems of normal motions of dynamical systems with surface dissipation of en-
ergy. Consider the following boundary-value problem for the wave equation in an arbitrary domain
Q € R™ with a Lipschitz boundary I := 9€:

82
8—;; —Au = f(t,z), x€Q, (4.68)
with the boundary condition
ou ou
hated == r 4.
an+u+ﬁat 0, zeTl, >0, (4.69)
and the initial conditions
0
w(0,z) = u(x), 8i;(o, 2) =ul(z), z€Q. (4.70)

Problems of this type are called problems with surface dissipation of energy (see [6, 7, 14, 15, 26]).
The boundary condition (4.69) here contains the derivative with respect to ¢ of the unknown function.
Therefore, such conditions are called dynamical. The corresponding term §(0u/dt)r, 5 > 0, generates
surface dissipation of the total energy of the dynamical system.

Consider a homogeneous problem (4.68)-(4.70) without initial conditions and find its solutions in
the form of normal motions:

u(t,z) = e Mu(z), z€Q, AeC.
The following spectral problem for the amplitude function u(z) arises:

ou
on

Problem (4.71) can be generalized to a multicomponent spectral conjugation problem with surface
dissipation (or pumping) of energy which can be formulated in terms of operators from abstract Green
formula (3.29) and operators of auxiliary boundary-value problems. The problem is to find nonzero
elements v € V that are solutions of the following problem:

Lu+ Nau=0, Ou—BAXJa)yu=0, >0, AeC, (4.72)

where L, 0, and v are the operators from Green formula (3.29), J and « are defined in (4.8) and (4.9)
and below, and a € L(E), a > 0.
Using Theorem 3.3 on the representation of any element from V', we obtain from (4.72) that

u = A" (=N2au) + Tar(BA(Ja)yu) = —N2A  au + BAT ) (Ja)yu.

—Au+Nu=0, z e +u—ABu=0, rel. (4.71)

Finding  in the form v = A~'/2y, n € E, we obtain the equation

M\ = (T -BAB+NA)n=0, neckE, (4.73)
where the operators A and B are defined by formulas (4.12) and (4.13):
A=A"120A72 B=Q*(Ja)Q, Q=~A"Y% Q*=AYV’Ty,. (4.74)

The spectral problem (4.73) describes normal motions of multicomponent systems with surface
dissipation of energy (if J = I) and with energy pump (if J # I). It will be studied in detail in
another paper.

The authors are grateful to M. S. Agranovich for his attention to the problems under consideration
and for his helpful advice.
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